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1*, Aliou Diop2, Romain GlèlèKakaï1
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Abstract

Binary Generalized Linear Mixed Model (GLMM) is the most common method used by

researchers to analyze clustered binary data in biological and social sciences. The tradi-

tional approach to GLMMs causes substantial bias in estimates due to steady shape of

logistic and normal distribution assumptions thereby resulting into wrong and misleading

decisions. This study brings forward an approach governed by skew generalized t distribu-

tions that belong to a class of potentially skewed and heavy tailed distributions. Interestingly,

both the traditional logistic and probit mixed models, as well as other available methods can

be utilized within the skew generalized t-link model (SGTLM) frame. We have taken advan-

tage of the Expectation-Maximization algorithm accelerated via parameter-expansion for

model fitting. We evaluated the performance of this approach to GLMMs through a simula-

tion experiment by varying sample size and data distribution. Our findings indicated that the

proposed methodology outperforms competing approaches in estimating population param-

eters and predicting random effects, when the traditional link and normality assumptions are

violated. In addition, empirical standard errors and information criteria proved useful for

detecting spurious skewness and avoiding complex models for probit data. An application

with respiratory infection data points out to the superiority of the SGTLM which turns to be

the most adequate model. In future, studies should focus on integrating the demonstrated

flexibility in other generalized linear mixed models to enhance robust modeling.

Introduction

Binary outcomes are prominent in many applied sciences, including but not limited to biologi-

cal and social sciences. Moreover, in cross sectional as well as panel studies, dichotomous

responses are often naturally grouped by sampling techniques or some properties of the sam-

pling units [1]. The preferred modern method to analyze clustered binary data is through the

Generalized Linear Mixed Model (GLMM) framework [2]. Indeed, when a binary outcome
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has been recorded repeatedly or in the presence of latent factors, GLMMs allow accounting

explicitly for over-dispersion and correlation within clusters using random effects.

Let Yij denote the binary outcome (0 or 1) of the jth measurement (j = 1, 2, � � �, ni) and Yi

the collection of responses from the ith cluster, i.e. Yi ¼ ðYi1; . . . ;Yini
Þ
>

, i = 1, 2, � � �, n. In terms

of an underlying latent continuous random vector Zi ¼ ðZi1; . . . ;Zini
Þ
>

and random effects bi

= (bi1, � � �, biq)>, the mixed probit model (PM) assumes that Yij are conditionally independent

and given as [3]:

Yij ¼ Ið0;1ÞðZijÞ;Zijbi �
ind N ni

ðηi; Ini
Þ

bi �
ind N qð0;DÞ

ð1Þ

where IA(x) is the indicator function which equals to 1 if x 2 A and 0 otherwise; ηi is the

ni−vector of linear predictors, ηi ¼ ðZi1; . . . ; Zini
Þ
>
¼ XibþWibi; β is the p−vector of fixed

effects; Xi ¼ ðXi1; . . . ;Xini
Þ
>

and Wi ¼ ðWi1; . . . ;Wini
Þ
>

are respectively known ni × p and ni

× q matrices of covariates with Xij = (Xij1, � � �, Xijp)> and Wij = (Wij1, � � �, Wijq)>; Ini
is the ni ×

ni identity matrix and N qð0;DÞ denotes the q-variate normal distribution, with null mean vec-

tor and variance-covariance an unknown q × q matrix D, meant to capture the dependence

structure of Yi. The latent variable Zij serves for a convenient stochastic representation of the

conditional outcome Yij. Equivalently, one may write P(Yij = 1|bi) = F(ηij) with F(�) the cumu-

lative distribution function (cdf) of the standard normal distribution, standing as the inverse

link function mapping the linear predictor ηij and the predicted probabilities of the outcome

Yij. Combined with the normality assumption on random effects, the systematic use of this

link and the well known alternative, the logit link, is somewhat controversial [4, 5].

The link function indeed has a critical role in GLMMs since it heavily impacts estimates,

predictions and consequently interpretations [4, 6]. As a result, in the binary generalized linear

model literature, aside the logistic and probit models based on the steady shape logistic and

normal distributions respectively, there has been increasing efforts to render the link function

flexible. Many works have considered heavy tailed link functions, for instance the Semi-Non-

parametric [7], Student-t [8] and generalized t [9] distributions, and elliptical scale mixtures

[10, 11]. Indeed, the maximum likelihood estimators of logistic and probit regression models

are not robust to outliers [7]. Heavy tailed links are not sensitive to outliers and thus allow out-

lier-robust inference. In particular, the links functions based on the Student t distribution

incorporate observation-specific stochastic weights which can be used for outlier detection [7,

12]. Similarly, skew-probit [13], skew generalized t [9], asymmetric logistic [14], loglog and

complementary loglog, power symmetric and reciprocal power symmetric [15] links were

used among others to handle situations where the probability of a given binary response

approaches zero at a different rate than it approaches one. Skew logistic distributions have also

been developed (see e.g. [16]) and may be used with the same aim in mind. For example [9],

discussed a prostate cancer study where the outcome variable Y represents the presence or the

penetration of cancer in or near the prostate capsule of patients. The rate at which the proba-

bility of “Y = 1” approaches one is expected to be very different (slower) from the rate at which

it approaches zero [9]. For this study, the skew generalized t-link fits best the data [9], indicat-

ing that the simultaneous use of skewed and heavy tailed link functions can lead to more effec-

tive modelling of binary data.

Furthermore, although random effects are traditionally assumed to be normally distributed

in GLMMs, this may not be realistic [17, 18]. Therefore, huge efforts have been devoted to

making the random effects distribution in GLMMs flexible, replacing the normal distribution
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with, for instance Semi-Nonparametric [19], probability integral transformation of normal

[20], skew normal [21], log-normal [22, 23], Student-t [24] and scale mixtures of normal [25]

distributions.

The above background demonstrates the extent to which the number of possible

approaches for fitting a flexible GLMM to correlated binary outcomes goes, although none of

these approaches attempts to explicitly account for skewness and tail behavior of the link func-

tion as well as the random effects distribution simultaneously. However, the misspecification

of the link function or the random effects distribution can introduce substantial bias and

reduce the accuracy of the mean response as well as heterogeneity estimates [6, 18]. Standing

in a fully parametric frame, we propose a unifying approach based on skew generalized t

(SGT) distributions [26], that is the class of models including among others the normal, the

skew normal and the Student t models. The use of a skew generalized t family instead of the

Student t family allows to rescale fixed effects so that they have the same interpretation as in

the mixed probit model in Eq (1).

Our contributions include i) an extension of the flexible generalized t-link model built for

independent binary samples proposed by [9] to deal with dependent binary samples (mixed

model); ii) a parameter-expanded EM algorithm [27] for computing the maximum likelihood

of skew generalized t-link models for correlated binary data, extending the EM algorithm of

[24] for t-link models; and iii) empirical Bayes estimators of skew t distributed random effects

in mixed models for binary data.

The organization of the paper is as follows. Section 2 presents preliminary results on the

SGT distributions and the truncated SGT distributions and their first two moments. Section 3

specifies the SGT-link model (SGTLM) and describes maximum likelihood estimation and

cluster-specific inference based on random effects and weights. A simulation study assessing

the relative performance of the SGTLM relative to existing methods and the application of the

modelling approach to a real respiratory infection data are presented in Section 4. Concluding

remarks are given in section 5.

Preliminary results

In this section, we present some useful properties of the skew generalized t distributions.

Multivariate skew generalized t distributions

Multivariate skew generalized t (SGT) distributions are special cases of multivariate skew scale

mixture of normal (SSMN) distributions [28] (pages 102-103) which we first introduce. A ran-

dom variable Z is said to follow a p−variate SSMN distribution with location μ, scale O, and

shape λ, if it can be represented as [29] (page 20, Eq 3.12):

Z ¼ μþ U � 1=2ðδZ0 þ XÞ; Z0 � HN ð0; 1Þ; X � N pð0;ΩÞ ð2Þ

where U, called scale mixing variable, is a positive random variable with cdf FU(�|ν) indexed by

a parameter vector ν, HN ð0; 1Þ is the standard half normal distribution; Z0, X and U are inde-

pendent; Ω ¼ Ω � δδ> and δ = (1 + λ> λ)−1/2 O1/2 λ. Different choices of the scale mixing dis-

tribution FU(�|ν) result in various sub-classes of skew elliptical distributions, for instance, the

skew normal when P(U = 1) = 1 [28] (page 103); the skew contaminated normal when ν = (ν1,

ν2)>, 0< ν1 < 1, 0< ν1� 1 and U is discrete and takes the values U = 1 with probability 1 − ν1

and U = ν2 with probability ν1 [30] (page 308); the skew slash when U � Betaðn; 1Þ, ν> 0 [30]

(page 307); and the skew generalized t when ν = (ν, ν0)>, ν> 0, ν0 > 0, U � Gammaðn=2; n0=2Þ
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[28] (page 105). The following result states conditions for the identifiability of SSMN distribu-

tions, a requirement for reliable inference using this class of distributions.

Lemma 1 (see S1 Appendix for a proof) The free parameters (μ, δ, O and ν) of a SSMN
distribution with the representation in Eq (2) are identifiable if and only if i) the scale mixing dis-

tribution FU(�|ν) is identifiable and ii) FU(�|ν) does not satisfy FUðujnÞ ¼ H u
nk
jn� k

� �
for any ele-

ment νk of ν and any distribution function H(�|ν−k) where ν−k is the vector ν without the element
νk. If U has a probability density function (pdf) fU(u|ν) for all u> 0, then the condition ii) is

equivalent to fU(�|ν) does not satisfy fUðujnÞ ¼ 1

nk
hU

u
nk
jn� k

� �
for any pdf hU(�|ν−k).

On setting c ¼
ffiffiffiffiffiffiffiffi
2=p

p
and defining the expectations ~Ut ¼ EUfU � t=2g, and assuming that

~Ut <1 for the required expectations, the first two central moments of a SSMN vector Z are

given by [28] (pages 109-110):

EfZg ¼ μþ c ~U 1δ and ð3Þ

VarfZg ¼ ~U 2Ω � c2 ~U 2
1
δδ>: ð4Þ

The ability of the SSMN distributions to capture more data structure than the normal, the

skew normal or the scale mixture of normals is reflected in the expressions for skewness (g1k
)

and kurtosis (g2k
) indices given for the kth marginal of Z as [31]:

g1k
¼

cδk

s3

k

3ð ~U 3 �
~U 1

~U 2Þ � δ2

k
~U 3 � 4

~U 3
1

p

� �� �

; and ð5Þ

g2k
¼

1

s4

k

3ð ~U 4 �
~U 2

2
Þ � 4c2δ2

k
~U 1 3 ~U 3 �

~U 1
~U 2

� �
� δ2

k
~U 3 � 3

~U 3
1

p

� �� �� �

ð6Þ

where δk is the kth element of δ and s2
k is the kth diagonal element of the covariance matrix

given in Eq (4).

We notice from the expressions for skewness Eq (5) and kutosis Eq (6) indices that the

parameter λ controls the shape of the distribution only through the working shape parameter

δ = (1 + λ> λ)−1/2 O1/2 λ. This quantity is invariant under marginalization, i.e. by the stochastic

representation in Eq (2), for any arbitrary subset of Z, the working shape parameter is the cor-

responding subset of δ. It is worth noticing however that the quantity δ cannot be specified

unrestrictedly, independently of O. Indeed, we observe that δ = (1 + λ> λ)−1/2 O1/2 λ implies

that λ = (1 + λ> λ)1/2 O−1/2 δ. This in turn gives λ> λ = (1 + λ> λ)δ> O−1 δ which yields λ> λ
(1−δ> O−1 δ) = δ> O−1 δ. We then get λ>λ ¼ δ>Ω� 1δ

1� δ>Ω� 1δ so that 1þ λ>λ ¼ 1

ð1� δ>Ω� 1δÞ, i.e. 1 + λ> λ

= (1 − δ> O−1 δ)−1 provided δ> O−1 δ 6¼ 1. Therefore, λ is recorvered from δ and O under the

constraint δ> O−1 δ< 1 as:

λ ¼ ð1 � δ>Ω� 1δÞ� 1=2Ω� 1=2δ: ð7Þ

It is nevertheless possible to unrestrictedly specify δ and Ω (positive definite). In this case, O is

recovered as Ω ¼ Ω þ δδ>. Using the Sherman-Morrison identity [32] (page 121, Eq 3.1), we

have Ω� 1 ¼ ðΩ þ δδ>Þ� 1
¼ Ω � 1 � Ω � 1δδ>Ω � 1

1þδ>Ω � 1δ
from which we get δ>Ω� 1δ ¼ δ>Ω � 1δ �

δ>Ω � 1δδ>Ω � 1δ
1þδ>Ω � 1δ

that simplifies as δ>Ω� 1δ ¼ δ>Ω � 1δ
1þδ>Ω � 1δ

. We thus have 1 � δ>Ω� 1δ ¼ 1

1þδ>Ω � 1δ
hence

λ ¼ ð1þ δ>Ω � 1δÞ1=2Ω� 1=2δ with Ω ¼ Ω þ δδ>: ð8Þ

PLOS ONE A skew generalized t-link model for correlated binary data

PLOS ONE | https://doi.org/10.1371/journal.pone.0249604 April 6, 2021 4 / 31

https://doi.org/10.1371/journal.pone.0249604


In the binary data modeling framework, we shall consider δ and Ω as model parameters as

they turn to be easier to estimate by the mean of the EM algorithm. For the multivariate

Skew Generalized t (SGT) distribution, the mixing variable U is gamma distributed, i.e.

U � Gammaðn=2; n0=2Þ with pdf [33] (page 1, Eq 1):

fGðujn=2; n0=2Þ ¼

n0

2

� �n
2

G
n

2

� � un
2
� 1 exp �

n0

2
u

� �
for u > 0; n > 0; n0 > 0: ð9Þ

The p−variate SGT distribution, denoted SGT pðμ;Ω; λ; nÞ with ν = (ν, ν0)> has pdf for z 2 Rp

[28] (page 106):

SGtpðzjμ;Ω; λ; nÞ ¼ 2 Gtpðzjμ;Ω; νÞ T a
pþ n

n0 þ z>
0
z0

� �1=2

jpþ n

 !

; ð10Þ

where

Gtpðzjμ;Ω; νÞ ¼
G

pþn
2

� �
jΩj� 1=2

n
n=2

0

Gðn=2ÞðpÞ
p=2
ðn0 þ z>

0
z0Þ
� ðpþnÞ=2

ð11Þ

is the pdf of the p−variate Generalized t (GT) distribution, z0 = O−1/2 (z − μ), α = λ> z0, and

T(�|ν) is the cdf of the standard univariate t distribution with ν degrees of freedom. For SGT

distributions, the expectations ~Ut required for computing moments given in Eqs (3)–(6) have

for t< ν the form

~Ut ¼
n0

2

� �t=2 G n� t
2

� �

Gðn=2Þ
: ð12Þ

It is worthwhile noticing that the gamma mixing pdf fG(�|ν/2, ν0/2) satisfies the condition i) of

Lemma 1 but not the condition ii). The SGT ditribution with ν as a parameter is thus not iden-

tifiable. However, restricting ν0 to a fixed value (so that only ν is considered as a parameter) is

sufficient to ensure identifiability of the SGT family of distribution. When ν0 = ν, the p−variate
SGT distribution SGT pðμ;Ω; λ; nÞ reduces to the p−variate Skew t (ST) distribution [28]

(page 106), denoted ST pðμ;Ω;λ; nÞ which is thus identifiable with pdf Stp(�|μ, O, λ, ν) and cdf

Stp(�|μ,O, λ, ν). If λ = 0, the SGT distribution reduces to the GT distribution which equals the

Student t distribution for ν0 = ν. The following lemma formalizes the relationship between

skew generalized t and skew t distributions.

Lemma 2 (see S2 Appendix for a proof) Let us consider the SGT distribution
SGT pðμ;Ω; λ; νÞ with ν = (ν, ν0)> and pdf in Eq (10). SetΩ� ¼ n0

n
Ω. The following statements

hold:

1. SGtp(z|μ, O, λ, ν) = Stp(z|μ, O�, λ, ν);

2. If Z � SGT pðμ;Ω; λ; nÞ then Z � ST pðμ;Ω
�
; λ; nÞ.

Lemma 2 indicates that any SGT vector is a rescaled version of a ST vector. However, in the

frame of binary data models, the use of a SGT distribution instead of a simple ST distribution

as link function allows to control the scale of the link function through the parameter ν0 [9].

Specifically, a skew generalized t-link allows to define a skewed and heavy-tailled binary mixed

model where fixed effects have the same scale and interpretation as in the mixed probit model

in Eq (1). Interestingly, the popular logit and probit links for binary data can be recast as
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special cases of the cdf of the SGT class of distributions. Indeed, the normal distribution is a

limiting case of SGT distributions when ν0 = ν!1 and λ = 0. Moreover, the logistic distribu-

tion is well appoximated by a rescaled Student t distribution with appropriate degrees of free-

dom [8] (page 228). These constatations make the SGT distributions appropriate for extending

the traditional probit and logistic GLMMs, accounting for skewness and heavy tail behaviors.

To this end, we present in the next section some results on truncated multivariate SGT distri-

butions since binary data can reflect truncation of latent continuous variables.

Truncated multivariate skew generalized t distributions

As seen for the mixed probit model in Eq (1), models for binary data can be defined by trun-

cating latent variables following continuous distributions. We define in this section a class of

truncated multivariate skew generalized t distributions which are useful for a latent variable

representation of skew generalized t-link binary data models. We also give expressions to eval-

uate some joint moments of a truncated multivariate skew generalized t distribution and a

gamma distribution, as they prove useful in the implementation of the EM algorithm for the

skew generalized t-link model.

Let TSGT pðμ;Ω; λ; n;AÞ represent a p−variate skew generalized t (SGT) vector restricted

to a p-dimensional hyperplane A; with μ a p−vector (location), O a p × p positive definite

matrix (scale), λ a p−vector (shape) and ν = (ν, ν0)> a vector of positive scalars (degrees of free-

dom). The pdf of Z � TSGT pðμ;Ω; λ; ν;AÞ is:

TSGtpðzjμ;Ω; λ; ν;AÞ ¼ a� 1
st SGtpðzjμ;Ω; λ; νÞ IAðzÞ for z 2 Rp

ð13Þ

where SGtp(�|μ,O, λ, ν) is the pdf in Eq (10) and ast ¼
R

ASGtpðzjμ;Ω; λ; νÞdz serves for

normalization. The cdf of Z is denoted TSGTpð�jμ;Ω; λ; ν;AÞ. When λ = 0, we obtain a

truncated generalized t distribution denoted TGT pðμ;Ω; ν;AÞ with pdf TGtpð�jμ;Ω; ν;AÞ
and cdf TGTpð�jμ;Ω; ν;AÞ. When ν0 = ν, we get a truncated ST distribution denoted

TST pðμ;Ω; λ; n;AÞ with pdf TStpð�jμ;Ω; λ; n;AÞ and cdf TSTpð�jμ;Ω;λ; n;AÞ. If both λ = 0

and ν0 = ν, the truncated multivariate SGT distribution is reduced to a truncated multivariate t

distribution [34] denoted TT pðμ;Ω; n;AÞ with pdf Ttpð�jμ;Ω; ν;AÞ and cdf TTpð�jμ;Ω; ν;AÞ.
In the frame of correlated binary data models, the truncation region A typically has the

form A ¼ A1 � A2 � . . .� Ap where Ak are real intervals of the form Ak ¼ ð� 1; ak� or

Ak ¼ ðak;1Þ, for ak 2 R (k = 1, 2, � � �, p). Let us consider for instance a vector Y of

three binary outcomes obtained by truncating the elements of a 3−variate SGT vector

Z � SGT 3ðμ;Ω; λ; nÞ: Yk = 0 if Zk� 0 and Yk = 1 if Zk> 0. In practice, however, only the

binary outcomes (Y) are observable whereas the latent outcome Z is unobservable. Suppose

one observes the binary outcomes y = (1, 0, 1)>. This implies that the corresponding value z

of the latent vector Z satisfies z1 > 0, z2� 0, and z3 > 0. The conditional distribution of Z

given Y = y (required for maximum likelihood estimation using the EM algorithm) is thus

SGT 3ðμ;Ω;λ; νÞ truncated to the region Ae:g: ¼ ð0;1Þ � ð� 1; 0� � ð0;1Þ, i.e. ZjY ¼ y �
TSGT pðμ;Ω;λ; ν;Ae:g:Þ as defined in Eq (13).

We shall use the simplified notation TSGT pðμ;Ω; λ; ν; aÞ with a 2 Rp to denote a

truncated SGT distribution TSGT pðμ;Ω; λ; n;AÞ whenA is the right truncated hyperplane

A ¼ fz 2 Rpj z1 � a1; . . . ; zp � apg. In this case, αst = SGTp(a|μ,O, λ, ν) with SGTp(�|μ,O, λ,

ν) the cdf of the p−variate ST distribution. This corresponds for instance to the situation

where all binary outcomes are zeros. When λ = 0, the right truncated SGT distribution

TSGT pðμ;Ω; 0; ν; aÞ is a right truncated GT distribution denoted TGT pðμ;Ω; ν; aÞ whose pdf
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and cdf are respectively denoted TGtp(�|μ,O, ν, a) and TGTp(�|μ,O, ν, a). When ν0 = ν, the right

truncated SGT distribution is a right truncated ST distribution denoted TST pðμ;Ω;λ; ν; aÞ
with pdf TStp(�|μ,O, λ, ν, a) and cdf TSTp(�|μ, O, λ, ν, a). If both λ = 0 and ν0 = ν, the distribu-

tion is reduced to a right truncated t distribution denoted TT pðμ;Ω; n; aÞ with pdf Ttp(�|μ,O, ν,

a) and cdf TTp(�|μ, O, ν, a). In the above example, if y = (0, 0, 0)>, then the truncation region

becomesAe:g: ¼ ð� 1; 0� � ð� 1; 0� � ð� 1; 0�. Since all truncation points are zeros, we shall

write in this case ZjY ¼ y � TSGT pðμ;Ω;λ; ν; aÞ with a = (0, 0, 0)> using the above simplified

notation.

The implementation of an EM algorithm for a SGT distribution based binary data model

requires joint moments of the form ur¼ EfUr=2g, urzs¼ EfUr=2ZðsÞg, tr¼ EfUr=2z1ðU1=2aÞg

and trzs¼ EfUr=2z1ðU1=2aÞZðsÞg for s 2 {1, 2}, Z(1) = Z and Z(2) = Z Z>,

U � Gammaðn=2; n0=2Þ, Z � TSGT pðμ;Ω; λ; n;AÞ, α = λ> O−1/2(Z − μ), z1(x) = ϕ(x)/F(x)

with ϕ(�) the pdf of the standard normal distribution, and A is an hyperplane of the form

A ¼ A1 � . . .� Ap with Ak 2 fð� 1; ak�; ðak;1Þg, (ak,1)} for a = (a1, � � �, ap)>. Proposition
1 hereafter will be useful for the derivation of ur, urzs, tr and trzs.

Proposition 1 (see S3 Appendix for a proof) Let Z � TSGT pðμ;Ω; λ; ν;AÞ with ν = (ν,

ν0)>, U � Gammaðn=2; n0=2Þ and set α = λ> O−1/2(Z − μ). Then, for any real r> − ν and an
integrable function g(�) of Z:

EfUr=2gðZÞg ¼ CrðνÞa
� 1
st au;r EfgðZu;rÞg ð14Þ

EfUr=2z1ðU1=2aÞgðZÞg ¼ cMCrðνÞa
� 1
st at;r EfgðZt;rÞg ð15Þ

where CrðnÞ ¼
2

ν0

� �r=2 G nþr
2ð Þ

Gðn=2Þ
, ast ¼

R

AStp zjμ; n0
n
Ω; λ; n

� �
dz, at;r ¼

R

Atpðzjμ;Ω
�; nþ rÞdz,

and au;r ¼
R

AStpðzjμ;Ω
�
; λ; nþ rÞdz; c ¼

ffiffiffiffiffiffiffiffi
2=p

p
, Zu;r � TST pðμ;Ω

�
; λ; nþ r;AÞ,

Zt;r � TT pðμ;Ω
�; nþ r;AÞ, M ¼ ð1þ δΩ � 1δÞ� 1=2 with δ ¼ n0

n

� �1=2
ð1þ λ>λÞ� 1=2Ω1=2λ,

Ω ¼ n0
n
Ω � δδ>, Ω� ¼ n

nþrΩ andΩ� ¼ n0
nþrΩ.

By the mean of a simple linear transformation, we obtain from Proposition 1 the joint

expectations ur , urzs , tr and trzs in terms of moments of a truncated multivariate skew t

distribution.

Corollary 1 (see S4 Appendix for a proof) Let Z � TSGT pðμ;Ω; λ; ν;AÞ with ν = (ν, ν0)>,

U � Gammaðn=2; n0=2Þ, a 2 Rp andA ¼ A1 � . . .� Ap with Ak ¼ ð� 1; ak� or

Ak ¼ ðak;1Þ. Then, on setting δ ¼ n0
n

� �1=2
ð1þ λ>λÞ� 1=2Ω1=2λ, Ω ¼ n0

n
Ω � δδ>, A = diag(A1,

� � �, Ap) with Ak = 1 if Ak ¼ ð� 1; ak� and Ak = −1 ifAk ¼ ðak;1Þ, a� = Aa, μ� = A μ,

Ω� ¼ n0
n
AΩA, Ω� ¼ AΩA, λ� = Aλ and αst = STp(a�|μ�,O�, λ�, ν),

ur ¼ CrðνÞ a
� 1
st au;r ð16Þ

urz1 ¼ CrðνÞ a
� 1
st au;r AEfXu;rg ð17Þ

urz2 ¼ CrðνÞ a
� 1
st au;r AEfXu;rX

>

u;rgA ð18Þ

tr ¼ cMCrðνÞ a
� 1
st at;r ð19Þ

trz1 ¼ cMCrðνÞ a
� 1
st at;r AEfXt;rg ð20Þ
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trz2 ¼ cMCrðνÞ a
� 1
st at;r AEfXt;rX

>

t;rgA ð21Þ

where Xu;r � TST p μ�; n

nþrΩ
�
; λ�; nþ r; a�

� �
, Xt;r � TT p μ�; n

nþrΩ
�; nþ r; a�

� �
, and we have set

au;r ¼ STp a�jμ�; n

nþrΩ
�; λ�; nþ r

� �
and at;r ¼ Tp a�jμ�; n

nþrΩ
�; nþ r

� �
.

For a practical use of Corollary 1, the cumulative multivariate skew t distribution is

required. To this end, the function pmst of the package sn [35] in R freeware [36] is an appro-

priate routine.

Moments of truncated multivariate skew generalized t distributions

The evaluation of expectations EfXðsÞu;rg involved in Corollary 1 calls for general expressions for

the first and second order moments of truncated multivariate SGT distributions. These

moments are required in the implementation of an EM algorithm for a SGT distribution based

binary data model. The moments have been derived for truncated multivariate t distributions

by [34] and were used by [24] in their implementation of the EM algorithm for a t-link

GLMM. We present in this section the expressions for the first two moments of the multivari-

ate SGT distributions, relying on the Theorem 1 of [37] and the moments of truncated multi-

variate t distributions available from [34] (see also [38]).

Let Z � TSGT pðμ;Ω;λ; ν; aÞ with ν = (ν, ν0)> and a 2 Rp
, i.e. a p−variate SGT vector

restricted to the right truncated hyperplane A ¼ fx 2 Rp
j x1 � a1; . . . ; xp � apg. The pdf of Z

is:

TSGtpðzjμ;Ω; λ; ν; aÞ ¼ a� 1
st SGtpðzjμ;Ω;λ; νÞ IAðzÞ ð22Þ

where αst = SGTp(a|μ, O, λ, ν), SGTp(�|μ, O, λ, ν) is the cdf of the p−variate SGT distribution. If

μ = 0,O is a correlation matrix (O = R) and ν0 = ν, then Z � TST pð0;R; λ; ν; aÞ. In this case,

the first two moments of Z can be evaluated using the following proposition which simply

combines Theorem 3 in [34] with Theorem 1 in [37].

Proposition 2 (see S5 Appendix for a proof) Let Z � TST pð0;R; λ; ν; aÞ with R a correla-
tion matrix. Then,

EfZg ¼
na� 1

st

n � 2
C�

0
δ � Rq�ðaÞ

� �
for n > 2; and for n > 4 ð23Þ

EfZZ>g ¼
na� 1

st

n � 2
a�stRþ RðH� þD�ÞR � RH�

0
δ> � δH�>

0
RþD�

0
δδ>

h i
ð24Þ

where C�
0
¼

G n� 1
2ð Þ

G n� 2
2ð ÞðnpÞ

1=2 Tp aj0; n

n� 1
ðR � δδ>Þ; n � 1

� �
with Tp(�|μ, O, ν) the cdf of the p−variate t

distribution with location μ, scale O and degrees of freedom ν; q�ðaÞ 2 Rp with ith element

q�i ðaiÞ ¼
ffiffiffiffiffi
n� 2

n

p
t

ffiffiffiffiffi
n� 2

n

p
ai; n � 2

� �
Tp aðiÞ2 jaiR

ðiÞ
12;

nþa2
i

n� 1
RðiÞ22:1; n � 1

� �
, t(�) being the pdf of the standard

Student t distribution; a�st ¼ Tpþ1 aj0; n

n� 2
R�; n � 2

� �
with R� ¼

s2
0

� s0δ
>

� s0δ R

 !

, s0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ>λ

p
and δ ¼ s� 1

0
R1=2λ; H�

0
2 Rp

with ith element

H�
0i ¼

n

n� 4
t2 að0iÞ

1 j0;
n

n� 4
Rð0iÞ

11 ; n � 4
� �

Tp� 1 að0iÞ
2 jμ

ð0iÞ
2:1 ;

nþa0i
n� 2

Rð0iÞ
22:1; n � 2

� �
, a0i ¼

a2
i

ð1� δ2
i Þ

; H� is the p × p
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matrix with diagonal elements H�ii ¼ 0 and off diagonal elements defined as

H�ij ¼
n

n � 4
t2 aðijÞ1 j0;

n

n � 4
RðijÞ11 ; n � 4

� �
Tp� 1 aðijÞ2 jμ

ðijÞ
2:1;
nþ aij

n � 2
RðijÞ22:1; n � 2

� �

with aij ¼
a2
i � 2rijaiajþa2

j
ð1� r2

ijÞ
; D�

0
¼ δ>H�

0
; D� is the p × p diagonal matrix with diagonal elements

D�ii ¼ δiH
�

0i � aiq�i ðaiÞ � RiH
�i, H

�i denoting the ith column of H�; a ¼ ð0; aÞ>,

Rð0iÞ
11 ¼

1 � δi

� δi 1

 !

, RðijÞ11 ¼
1 rij

rij 1

 !

, R ¼
1 � δ>

� δ R

 !

, with δi the ith element of δ, ρij

the (ij)th element of R; Hi the ith column of H; aðiÞ2 the vector a with its (i + 1)th element
(i.e.ai) deleted; RðiÞ12 the (i + 1)th column of R with its (i + 1)th element (i.e. 1) deleted;
RðiÞ22:1 ¼ RðiÞ22 � RðiÞ12R

ðiÞT
12 , RðiÞ22 being R with its (i + 1)th row and column deleted;

aðijÞ1 ¼ ðai; ajÞ
>

; aðijÞ2 the vector a with its (i + 1)th and (j + 1)th elements (i.e.ai and aj) deleted;

RðijÞ22:1 ¼ RðijÞ22 � RðijÞ12 ½R
ðijÞ
11 �
� 1RðijÞT12 , RðijÞ22 being R with its (i + 1)th and (j + 1)th rows and columns

deleted; RðijÞ12 being the matrix R with its (i + 1)th and (j + 1)th columns deleted, and only its (i
+ 1)th and (j + 1)th rows kept; μðijÞ2:1 ¼ RðijÞ12 ½R

ðijÞ
11 �
� 1aðijÞ1 ; að0iÞ

1 ¼ ð0; aiÞ
>

; að0iÞ
2 the vector a with its ith

element (i.e.ai) deleted; Rð0iÞ
22:1 ¼ Rð0iÞ

22 � Rð0iÞ
12 ½R

ð0iÞ
11 �

� 1Rð0iÞT
12 , Rð0iÞ

22 being R with its ith row and col-
umn deleted; Rð0iÞ

12 being the matrix R with its first and (i + 1)th columns deleted, and only its first
and (i + 1)th rows kept; and μð0iÞ

2:1 ¼ Rð0iÞ
12 ½R

ð0iÞ
11 �

� 1að0iÞ
1 .

The following corollary gives the first two moments of a general right truncated SGT vector

Z � TSGT pðμ;Ω; λ; ν; aÞ with ν = (ν, ν0)>.

Corollary 2 Let Z � TSGT pðμ;Ω; λ; ν; aÞ with ν = (ν, ν0)>. Then,

EfZg ¼ μþ LEfXg ð25Þ

EfZZ>g ¼ μμ> þ LEfXgμ> þ μEfX>gLþ LEfXX>gL ð26Þ

whereL ¼
ffiffiffiffiffiffiffiffiffi
n0=n

p
diagðo1; . . . ;opÞ, o

2
i is the ith diagonal element ofO,

X � TST pð0;R; λ
�; n; a�Þ, R is the correlation matrix from O, λ� ¼

ffiffiffiffiffiffiffiffiffi
n0=n

p
R� 1=2L

� 1Ω1=2λ, a�

= Λ−1(a − μ) and E{X} and E{XX>} are available from Proposition 2.

When ν!1, the truncated multivariate SGT family has the truncated multivariate skew

normal family as a limiting case (see S5 Appendix for a definition and formulas for computing

the first two moments).

Skew generalized t-link mixed binomial model

This section defines the skew generalized t-link model (SGTLM) and describes an Expecta-

tion-Maximization (EM) algorithm [39] accelerated using parameter expansion [27] for likeli-

hood inference. Empirical Bayes estimators of random effects and weights are also obtained

for cluster specific inference.

Model specification and marginal log-likelihood

The skew generalized t-link GLMM (SGTLM) considered in this work is defined as:

Yij ¼ Ið0;1ÞðZijÞ; Zi �
ind SGT ni

ðηi � c ~U 1u0dεJni
;Ωεi

; δεJni
; νÞ

bi �
ind ST qð� c ~U 1δ;D; λ; nÞ

ð27Þ
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where Yij is the binary outcome of the jth measurement (j = 1, 2, � � �, ni) on the ith cluster (i = 1, 2,

� � �, n), Zi is a latent continuous outcome which determines the observable Yi ¼ ðYi1; . . . ;Yini
Þ
>

,

and bi is a vector of q random effects associated to the cluster i. In Eq (27), ηi = Xi β + Wi bi, β, Xi

and Wi are as in Eq (1); c ¼
ffiffiffiffiffiffiffiffi
2=p

p
, ~U 1 ¼

n

2

� �1=2 G n� 1
2ð Þ

Gðn=2Þ
, δε 2 R, Jni

is the ni−vector of all

ones, Ωεi
¼ Ini

þ δ2

εJni
J>ni

, n ¼ ðn; nu2
0
Þ
>

with υ0 > 0 and ν> 2; D ¼ D þ δδ> and

λ ¼ ð1þ δ>D � 1δÞ1=2D� 1=2δ with δ 2 Rp
and D a q × q positive define matrix.

In the SGTLM, the distribution of a single latent outcome Zij is SGT ðηij � c ~U 1u0δε;o
2
ε; δε; nÞ

whereo2
ε ¼ 1þ δ2

ε and SGT ðμ;o2; λ; nÞ denotes a univariate SGT distribution with location μ,

scale ω2, shape λ and degrees of freedom ν. Therefore, on denoting SGT(�|μ, ω2, δ, ν) the cdf of a

scalar SGT distribution SGT ðμ;o2; δ; νÞ, the success probability of an outcome Yij given the

random effects bi is PðYij ¼ 1jbiÞ ¼ SGTð0jηij � c ~U 1u0δε;o
2; δε; νÞ. Unlike in the common

probit model (PM) (see Eq (1)), for a given cluster i, the ni latent outcomes Zij are not indepen-

dent given the random effects bi. Indeed, on using Eq (4) and setting ~U 2 ¼
n

n� 2
, the variance-

covariance matrix of Zi given bi is

Sεi
¼ u2

0
½ ~U 2Ini

þ ð ~U 2 � c ~U 2
1
Þd

2

εJni
J>ni
� ð28Þ

so that the correlation coefficient between two elements Zij and Zik of Zi with k 6¼ j is

r0 ¼
ð ~U 2 � c ~U 2

1
Þδ2
ε

~U 2þð
~U 2 � c ~U 2

1
Þδ2
ε
. Thus, conditional on random effects, the ni latent outcomes in Zi are uncorre-

lated only when δε = 0, i.e. a skewed link function implies correlated latent outcomes within a

cluster i.
The positive constant υ0 in the SGTLM controls the scale of the latent variable Zij and thus

the scale of the model link function. Indeed, from Eq (28), the conditional variance of Zij is

VarfZijjbig ¼ u
2
0
½ ~U 2 þ ð

~U 2 � c2 ~U 2
1
Þδ2

ε�. Setting υ0 = 1 would yield a skew t-link model (i.e. ν =

(ν, ν)>). However, to make fixed effects in the SGTLM comparable with fixed effects in the

common probit model (PM) characterized by a link function with a unit scale (i.e. Var{Zij|bi}

= 1), we have set

u0 ¼ ½
~U 2 þ ð

~U 2 � c2 ~U 1

2
Þd

2

ε�
� 1=2

: ð29Þ

The application of Eq (3) to bi shows that, as in the PM, random effects in the SGTLM have

null mean vector E{bi} = 0. Using Eq (4), the variance-covariance matrix of random effects is

given by

Sb ¼
~U 2D þ ð ~U 2 � c2 ~U 2

1
Þδδ>: ð30Þ

When δε = 0 and δ = 0, the SGTLM is reduced to the t-link model in [24] except υ0 = 1 therein.

As ν!1 (so that Ui = 1), the STGLM has as limiting case the mixed skew-probit model

(SPM) which reduces to the PM for δε = 0 and δ = 0.

By Eq (2), the SGTLM has the stochastic representation

Yij ¼ Ið0;1ÞðZijÞ

Zijbi;Ui ¼ ui;Vi ¼ vi �
ind N ni

ðηi þ ½viu
� 1=2

i � c ~U 1�u0dεJni
; u2

0
u� 1

i Ini
Þ

bijUi ¼ ui;Vi ¼ vi �
ind N qð½viu

� 1=2

i � c ~U 1�δ; u� 1
i DÞ

Vi �
ind HN ð0; 1Þ and

Ui �
ind Gammaðn=2; n=2Þ

ð31Þ
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where Ui and Vi are independent. In this representation of the SGTLM in terms of more com-

mon distributions, the ni binary outcomes Yij of a cluster i are independent given the random

effects bi, the scale mixing variable Ui and the half normal variable Vi. Note that given Ui and

Vi, Zi|bi and bi are normally distributed and share the same Ui and Vi. As a result, the joint dis-

tribution of Zi and bi belongs to the class of SGT distributions. From the stochastic representa-

tion in Eq (31), we obtain the unconditional distributions of Zi and Yi ¼ ðYi1; . . . ;Yini
Þ
>

as

follows.

Proposition 3 (see S6 Appendix for a proof). Let us consider the latent vector Zi and the
binary variable Yij in Eq (27) and define μi ¼ Xib � c ~U 1Δi withΩi ¼ Ωi þ ΔiΔ

>

i ,

Ωi ¼ u
2
0
Ini
þWiDW>

i , Δi ¼ u0dεJni
þWiδ, and the related shape parameter

λi ¼ Ω� 1=2

i Δið1þ Δ>i Ω
� 1
i ΔiÞ

1=2
. Then Zi � ST ni

ðμi;Ωi; λi; nÞ. Furthermore, the vector of binary
outcomes Yi has a multivariate Bernoulli distribution with joint probability mass function,

fYðyijβ; dε; δ;D; nÞ ¼ STni
ð0jAiμi;AiΩiAi;Aiλi; nÞ ð32Þ

and Yij has a Bernoulli distribution with success probability PðYij ¼ 1Þ ¼ STðμijj0;o
2
ij; � λij; nÞ

and probability mass function,

fYðyijjβ; dε; δ;D; nÞ ¼ STð0jAijmij;o
2
ij;Aijlij; nÞ ð33Þ

where Ai ¼ diagðAi1; . . . ;Aini
Þ, Aij = 1 − 2yij,o

2
ij is the jth diagonal element ofOi, λij ¼ Δij=oij,

ando2
ij ¼ o

2
ij � Δ2

ij with Δij and μij the jth elements of Δi and μi respectively.

Eq (32) conveniently expresses for a value yi of Yi, the likelihood as a cumulative probability

of a ST distribution whose location, scale and shape parameters depend on yi, using the identi-

ties P(Zij> zij) = P(−Zij< −zij) and sign(Zij) = 2Yij − 1 where sign(�) returns the sign of its argu-

ment. On using Eq (4) on the distribution of Zi given in Proposition 3, the variance-covariance

matrix of the outcomes at the latent scale is

Si ¼ Sεi
þWiSbW

>

i þ u0dεð
~U 2 � c ~U 2

1
Þ½Jni

δ>W>

i þWiδJ
>

ni
�: ð34Þ

Thus, in a model with a cluster-specific random intercept (q = 1) with δ = 0 and D ¼ s2
b, the

latent intra-class correlation coefficient (the proportion of variance explained by clustering at

latent scale) is given by

r ¼
~U 2s

2
b þ ð

~U 2 � c ~U 2
1
Þu2

0
d

2

ε

~U 2ðu
2
0
þ s2

bÞ þ ð
~U 2 � c ~U 2

1
Þu2

0
d

2

ε

: ð35Þ

The joint distribution of Zi and bi (i.e. ðZ>i ; b
>

i Þ
>

) is ST niþqð~μi;
~Ωi;

~λ i; nÞ where

~μi ¼
Xib � c ~U 1Δi

� c ~U 1δ

 !

, ~Ω i ¼
~Ω i þ

~δ i
~δ>i , ~Ωi ¼

Ωi WiD

DW>

i D

 !

, ~δ i ¼
Δi

δ

 !

and

~λi ¼
~Ω � 1=2

i
~δ ið1þ

~δ>i ~Ω � 1
i

~δ iÞ
1=2

. Thus, for j = 1, 2, � � �, ni and k = 1, 2, � � �, q, the correlation

between Zij and bk is rijk ¼
sijk
sijsk

with s2
k ¼

~U 2D2
k þ ð

~U 2 � c2 ~U 2
1
Þδ2

k the variance of bk, s2
ij ¼

~U 2ðu0 þWijDW>

ij Þ þ ð
~U 2 � c2 ~U 2

1
Þðu0dε þWijδÞ

2
the variance of Zij and sijk ¼

~U 2WijDk þ

ð ~U 2 � c2 ~U 2
1
Þðu0dε þWijδÞdk is the covariance between Zij and bk, Wij is the jth row of Wi and

Dk is the kth column of D, D2
k is the kth diagonal element of D and δk is the kth element of δ.

The parameters of the SGTLM include β, δε, δ, vechðDÞ and ν where the vech(�) operator

returns the lower triangle elements of its matrix argument. In order to avoid non-regular likeli-

hood problems occurring in models based on the Student distribution and its extensions (in
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particular when ν is close to zero) [40], we follow some recent related works [24, 41] and first

consider ν as known, focusing on θ ¼ ðβ>; dε; δ
>
; vechðDÞ>Þ>. Classical inference on θ is

based on the marginal likelihood of the observed data y. Using Proposition 3, the joint marginal

log-likelihood of n independent clusters yi (i = 1, 2, � � �, n) is:

‘ðθjyÞ ¼
Xn

i¼1

log fiðyijθÞ ð36Þ

From Eq (36), an optimization routine like the R function optim can be used for inference on

θ. We however develop an EM algorithm to circumvent the ni-dimensional integral in Eq (32)

when estimating θ.

Model identifiability

Estimations in the skew generalized t-link model (SGTLM) may produce inconsistent results

which would induce unreliable and misleading conclusions, if the model is not identifiable. It

is thus of great importance to check whether different points in the parameter space can be dis-

tinguished from observations yi. We analyse in this section the identifiability of the SGTLM

and indicate when it is necessary to restrict the parameter space to ensure reliable inference

from observed data. We restrict attention to the case υ0 = 1 (ignoring Eq (29)) since υ0 is an

artificial device only included to ensure a unit variance in the conditional link function as in

the traditional probit mixed model.

Although not sufficient, the identifiability of the SGTLM requires both the marginal ran-

dom effects distribution and the conditional model given random effects to be identifiable.

The identifiability of the random effects distribution follows from the identifiability of multi-

variate skew t distributions. We survey the identifiability of the conditional model before turn-

ing to the marginal model.

• Conditional identifiability
Conditional on the random effects bi and for fixed degrees of freedom parameter ν, the iden-

tifiability of the SGTLM reduces to the identifiability of the fixed effects skew-probit model.

This follows because the skew t inverse link function is an average of the skew-probit inverse

link function with respect to the gamma mixing distribution. The identifiability of the skew-

probit model with one covariate has been recently shown to depend on the nature (binary/con-

tinuous) of the covariate in the model [42]. Indeed, the fixed effect skew-probit model is not

identifiable in the absence of any covariate (i.e. each Xi is a column of ni ones) [42] (page 1624,

Proposition 2.1) or in the presence of a binary covariate [42] (page 1626, Proposition 2.2). On

the other hand, the fixed effect skew-probit model is identifiable when the covariate is continu-

ous [42] (page 1627, Proposition 2.3). Extension to the case of multiple covariates is straightfor-

wardly obtained by requiring the covariate matrix X ¼ ðX>
1
;X>

2
; . . . ;X>n Þ

>
to be of full column

rank as in the classical linear regression model context. Whenever binary covariates are consid-

ered or no covariate is considered, we advocate to set δ� = 0 so that the conditional model

reduces to a classical probit model.

• Marginal identifiability
From Proposition 3, it appears that when υ0 = 1 the paramaters δε and δ enter the marginal

distribution of Yi only through the marginal working shape Δi ¼ dεJni
þWiδ whose jth ele-

ment can be written Δij ¼ d� þW>

ij δ. As a result, caution is required when learning the model

parameters from some realizations yi of Yi. Indeed, if the model includes a random intercept

term, i.e.Wij has the form Wij ¼ ð1;W
>

1ijÞ
>

where W1ij 2 R
q� 1, we can partition the random

effects working shape as δ ¼ ðd0; δ
>

1
Þ
>

with δ1 2 R
q� 1

so that the jth element of the marginal
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working shape reads Δij ¼ d� þ d0 þW>

1ijδ1. Therefore, only the sum δ� + δ0 could be esti-

mated and it would not be possible to distinguish in the observed skewness the part due to the

random intercept from the part due to the conditional link function. This confounding issues

may actually be avoided by considering more complex models based for instance on the funda-

mental skew distributions [43]. Recall that skewness is introduced in the SGTLM through a

hidden standard half normal variable, namely Vi. As opposed to the unique standard half nor-

mal variable Vi used for both Zi and bi in the SGTLM, the use of two different standard half

normal hidden variables for Zi and bi [44] (page 667 eq 5-6) or two different standard half mul-

tivariate normal hidden vectors [45] (page 420 eq 2.2) remove the confounding problem.

Fortunately, the non identifiability of the skewness of conditional link function and random

intercept does not affect the success probability of the response since this only depends on Δi,

but not on the individual values of δ� and δ0. However, since the conditional link scale depends

on δ� through υ0, the confounding problem affects the scale and thus the interpretation of

fixed effects. Moreover, inference on the random intercept is affected since the random inter-

cept variance and skewness depend on δ0. For example, δ� + δ0 = 0 only indicates null marginal

skewness, and in no way absence of link function and random intercept skewness which could

be equally strong but of opposite signs. Thus, only a lower bound can be given to the random

intercept variance: ~U 2D11 þ ð
~U 2 � c2 ~U 2

1
Þδ2

0
� ~U 2D11 where D11 is the first diagonal element

of D. To rule out this peculiar situation where the model is not marginally fully identifiable,

some previous works on skew normal/skew t distributions have considered the restriction δ� =

0 (regardless of the presence of a random intercep term) for instance in the context of linear

mixed effects models [30, 46, 47] (page 1492 eq 2, page 4100 eq 4, and page 309 eq 3.2 respec-

tively), multivariate measurement error models [48] (page 35, Eq 4.11) and non linear mixed

effect models [49] (page 7 eq 10), but no argument was given to support this choice.

In the very common situation where the mixed model includes a random intercept term,

prior information on the shape of the link function and/or the random intercept is required to

place a meaningful restriction on the parameter space by setting for instance δ� = 0 or δ0 = 0 or

δ� = δ0. In the absence of such information, we advocate to consider the restriction δ0 = 0

because the success probability of a response may exibit skewness, irrespective of the presence

of random effects. This restriction thus allows to recover a fixed effects skew generalized t-link

model when no random effect is considered. Overall, the restriction δ0 = 0 simply expresses

the unability of the SGTLM to capture any additional skewness structure from the data

through the inclusion of only random intercept. For completeness, we develop in the next sec-

tion an estimation procedure for the full model in Eq (27), since the introduction of any equal-

ity restriction on δ� and δ0 can be straightforwardly reduced to δ0 = 0.

The two restrictions discussed in this section are related to the structure of the quantity Δi

and are required only for some specific data structures (models including a binary covariate or

models with a random intercept only). However, even when a restriction is required on δε or

the first element of δ, the quantity Δi itself can remain unrestricted. When a restriction is

required, it forces the skewness from a data to be summarized either by δε or elements of δ.

Overall, the SGT-link function is always allowed to be skewed (unconditional link). But some

designs do not allow to distinguish skewness in the conditional link function from skewness in

the distribution of random effects.

Maximum likelihood inference

Estimation via the EM algorithm. The choice of the value of υ0 in Eq (29) is in line with

one of our purposes: rescale fixed effects so that they have the same interpretation as in the

mixed probit model. There is no need to define υ0 depending on situations, because in our
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proposal, υ0 is fixed. However, since υ0 is simply a scaling factor, it may be given any positive

value during estimation, as long as the estimates are rescaled after the convergence of the esti-

mation procedure so that υ0 is finally given by Eq (29). Indeed, because routines are basically

written for the skew t distributions, we used υ0 = 1 in the EM algorithm and rescaled the esti-

mates at the end of the procedure. Let us consider the complete data ycomi
¼ fyi; zi; bi; ui; vig.

Because yi only retains the signs of elements of zi, the joint density of yi and zi is fYZðyi; ziÞ ¼

fZðziÞ � IAi
ðziÞ whereAi ¼ Ai1 � . . .� Aini

with Aij ¼ ð� 1; 0� if yij = 0 and Aij ¼ ð0;1Þ if yij

= 1. The density of ycomi
is thus fycomðycomi

Þ ¼ fZ;b;U;Vðzi; bi; ui; viÞ � IAi
ðziÞ. Hence by Bayes’s rule

and in light of Eq (27) with υ0 = 1, the density of ycomi
is:

fycom
ðycomi

Þ ¼ fzjb;U;Vðzijbi; ui; viÞ � fbjU;Vðbijui; viÞ � fUðuiÞ � fVðviÞ � IAi
ðziÞ

¼ �ni
ðzijηi þ ðviu

� 1=2

i � c ~U 1ÞδεJni
; u� 1

i Ini
Þ

� �qðbijðviu
� 1=2

i � c ~U 1Þδ; u� 1
i DÞ � fGðuijn=2; n=2Þ

� fVðviÞ � IAi
ðziÞ

ð37Þ

where fV(vi) = 2ϕ(vi) I(0,1)(vi) and fG(�|ν/2, ν/2) is given in Eq (9). By Eq (37) and on setting

N ¼
Pn

i¼1
ni and C‘ ¼ �

Nþnðqþ1Þ

2
log ð2pÞ þ n log 2, the complete data log-likelihood is:

‘ðθjycomÞ ¼ C‘ �
1

2

Xn

i¼1

β>X>i Xiβui � 2b
>X>i giui þ g

>

i giui

� �
�

n
2
log jDj

þ
1

2

Xn

i¼1

ni log ui þ
q
2

Xn

i¼1

log ui �
1

2

Xn

i¼1

tr D � 1δδ>
� �

ðvi � c ~U 1u
1=2

i Þ
2

�
1

2

Xn

i¼1

tr D � 1 uibib
>

i � vi � c ~U 1u
1=2

i

� �
u1=2

i biδ
>
þ δu1=2

i b>i
� �h i� �

þ
Xn

i¼1

log fGðuijn=2; n=2Þ �
1

2

Xn

i¼1

v2

i þ
Xn

i¼1

log IAi
ðziÞ

ð38Þ

where gi ¼ zi � Wibi � δεðviu
� 1=2

i � c ~U 1ÞJni
, and tr(�) is the trace operator. Let bθðkÞ the esti-

mate of θ at the kth EM iteration. The E-step of the (k + 1)th iteration finds the expectation

Qð�jbθðkÞÞ of ℓ(�|ycom) given the observed data y and the current parameter estimate

bθðkÞ ¼ ðbβðkÞ>; bdðkÞε ; bδ
ðkÞ>; vechðbDðkÞÞ>Þ>:

QðθjbθðkÞÞ ¼ C‘ �
1

2

Xn

i¼1

β>X>i Xiβ bu2

ðkÞ
i � 2β>X>i cu2g i þ tr du2g2

ðkÞ
i

� �h i

�
n
2
log jDj �

1

2

Xn

i¼1

tr D � 1 du2b2

ðkÞ
i þ c ~U 1

du2b
ðkÞ
i �

dvubðkÞi

� �
δ>

h�

þ δðc ~U 1
du2b

ðkÞ
i �

dvubðkÞi Þ
>
i�
þ

1

2

Xn

i¼1

ni þ qþ n � 2ð Þ dlog u2

ðkÞ
i

�
1

2

Xn

i¼1

tr D � 1δδ>
� �

bv2

ðkÞ
i � 2c ~U 1cvu

ðkÞ
i þ c2 ~U 2

1
bu2

ðkÞ
i

� �

�
n

2

Xn

i¼1

bu2

ðkÞ
i �

1

2

Xn

i¼1

bv2

ðkÞ
i þ

nn
2

log
n

2

� �
� n logG

n

2

� �

ð39Þ
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where cu2g
ðkÞ
i ¼ cu2z

ðkÞ
i � Wi

du2b
ðkÞ
i � dεðcvu

ðkÞ
i � c ~U 1 bu2

ðkÞ
i ÞJni

and

du2g2

ðkÞ
i ¼ du2z2

ðkÞ
i þWi

du2b2

ðkÞ
i W>

i þ d
2

εðbv2

ðkÞ
i � 2c ~U 1cvu

ðkÞ
i þ c2 ~U 2

1
bu2

ðkÞ
i ÞJni

J>ni

� dε½ðdvuz
ðkÞ
i � Wi

dvubðkÞi Þ � c ~U 1ðcu2z
ðkÞ
i � Wi

du2b
ðkÞ
i Þ�J>ni

� dεJni
½ðdvuzðkÞi � Wi

dvubðkÞi Þ � c ~U 1ðcu2z
ðkÞ
i � Wi

du2b
ðkÞ
i Þ�

>

� ½Wi
du2bz

ðkÞ
i þ ð

du2bz
ðkÞ
i Þ
>W>

i �

so that we have

trðdu2g2

ðkÞ
i Þ ¼ trðdu2z2

ðkÞ
i Þ þ trðWi

du2b2

ðkÞ
i W>

i Þ � 2trðWi
du2bz

ðkÞ
i Þ

þ nid
2

εðbv2

ðkÞ
i � 2c ~U 1cvu

ðkÞ
i þ c2 ~U 2

1
bu2

ðkÞ
i Þ

� 2δεJ
>

ni
½ðdvuzðkÞi � Wi

dvubðkÞi Þ � c ~U 1ðcu2z
ðkÞ
i � Wi

du2b
ðkÞ
i Þ�:

Note that the conditional expectation of log IAi
ðziÞ is 0 since given yi, IAi

ðzijyiÞ ¼ 1. The E-step

thus reduces to the computation of the conditional expectationsdu2b
ðkÞ
i ¼ EfUibi;

bθðkÞg,
dvubðkÞi ¼ EfViU

1=2

i bijyi;
bθðkÞg, du2bz

ðkÞ
i ¼ EfUibiZ

>

i jyi;
bθðkÞg, du2b2

ðkÞ
i ¼ EfUibib

>

i jyi;
bθðkÞg,

cvuðkÞi ¼ EfViU
1=2

i jyi;
bθðkÞg, bv2

ðkÞ
i ¼ EfV2

i jyi;
bθðkÞg, bu2

ðkÞ
i ¼ EfUijyi;

bθðkÞg,

cu2z
ðkÞ
i ¼ EfUiZijyi;

bθðkÞg,dvuzðkÞi ¼ EfViU
1=2

i Zijyi;
bθðkÞg, du2z2

ðkÞ
i ¼ EfUiZiZ

>

i jyi;
bθðkÞg and

dlog u2

ðkÞ
i ¼ Ef logUijyi;

bθðkÞg. The expressions for these expectations (except ^log u2

ðkÞ
i ) are

given in the following result where we have dropped the supraindex (k) for simplicity.

Proposition 4 (see S7 Appendix for a proof). Consider the random variables Yij, Zi, bi, Ui,

and Vi as defined in Eq (27) with υ0 = 1, and an update bθ ¼ ðbβ>; bdε; bδ>; vechð
bDÞ>Þ> of the

model parameter θ. Let bΩi ¼ Ini
þWi

bDW>

i , br i ¼
bDW>

i
bΩ � 1

i , bL i ¼ ðIq � br iWiÞ
bD,

bΔ i ¼
bdεJni

þWi
bδ,bs i ¼

bδ � br i
bΔ i, bμi ¼ Xi

bβ � c ~U 1
bΔi,
bMi ¼ ð1þ

bΔ>i
bΩ � 1

i
bΔ iÞ

� 1=2
,

bΩi ¼
bΩi þ

bΔ i
bΔ>i , bλ i ¼

bM � 1
i
bΩ � 1=2

i
bΔ i, Z0 i ¼

bΩ � 1=2

i ðZi � bμiÞ. Then:

du2b i ¼ br iðcu2zi � bu2 iXi
bβÞ þ ðcvui � c ~U 1 bu2 iÞbs i

ð40Þ

dvubi ¼ br iðdvuzi � cvuiXi
bβÞ þ ðbv2 i � c ~U 1cvuiÞbs i

ð41Þ

du2bzi ¼ br iðdu2z2 i � Xi
bβ cu2z>i Þ þ bsiðdvuzi � c ~U 1

cu2ziÞ
> ð42Þ

du2b2 i ¼
bΛ i þ ðbv2 i � 2c ~U 1cvui þ c2 ~U 2

1
bu2 iÞbsibs>i

þ br i½du2z2 i þ bu2 iXi
bβbβ>X>i � cu2zi

bβ>X>i � Xi
bβ cu2z>i �br

>
i

þ br i½ðdvuzi � cvuiXi
bβÞ � c ~U 1ðcu2z i � bu2 iXi

bβÞ�bs>i
þ bsi½ðdvuzi � cvuiXi

bβÞ � c ~U 1ðcu2zi � bu2 iXi
bβÞ�>br>i

ð43Þ

cvui ¼
bMiðcu2a i þ bt iÞ ð44Þ

dvuzi ¼
bMiðdu2az i þ btz iÞ ð45Þ

PLOS ONE A skew generalized t-link model for correlated binary data

PLOS ONE | https://doi.org/10.1371/journal.pone.0249604 April 6, 2021 15 / 31

https://doi.org/10.1371/journal.pone.0249604


bv2 i ¼
bM2

i ð1þ bta i þdu2a2 iÞ ð46Þ

where cu2a i ¼
bMi
bΔ>i
bΩ � 1

i ðcu2zi � bu2 ibμ iÞ, bta i¼
bMi
bΔ>i
bΩ � 1

i ð btz i � bt ibμiÞ,

du2azi¼
bMiðdu2z2 i � cu2zibμ

>
i Þ
bΩ � 1

i
bΔ i,

du2a2 i ¼
bM2

i ½ bu2 ið
bΔ>i
bΩ � 1

i bμiÞ
2
þ bΔ>i

bΩ � 1
i ðdu2z2 i � 2cu2z ibμ

>
i Þ
bΩ � 1

i
bΔi�, and the expectations

cu2zi ¼ EfUiZijyi;
bθg, du2z2 i ¼ EfUiZiZ

>

i jyi;
bθg, bt i ¼ EfU1=2

i z1ðU
1=2

i λ>Z0iÞjyi;
bθg, btzi ¼

EfU1=2

i z1ðU
1=2

i λ>Z0iÞZijyi;
bθg and bu2 i ¼ EfUijyi;

bθg are to be evaluated directly using Corollary
1 applied to the conditional latent vector ZijYi ¼ yi; θ ¼ bθ � TST ni

ðbμi;
bΩi;
bλ i;bn;AiÞ,

Ai ¼ Ai1 � . . .� Aini
with Aij ¼ ð� 1; 0� if yij = 0 and Aij ¼ ð0;1Þ if yij = 1.

The M-step jointly maximizes Qð�jbθðkÞÞ over θ. This yields the following updating expres-

sions for θ.

Proposition 5 (see S8 Appendix for a proof) Consider an identifiable SGTLM as
defined in Eq (27) with υ0 = 1; and an estimate bθðkÞ of θ. Set bS1

ðkÞ
i ¼ cu2z

ðkÞ
i � Wi

du2b
ðkÞ
i ,

bS2

ðkÞ
i ¼cvu

ðkÞ
i � c ~U 1 bu2

ðkÞ
i , bS3

ðkÞ
i ¼ bv2

ðkÞ
i � 2c ~U 1cvu

ðkÞ
i þ c2 ~U 2ðkÞ

1 bu2

ðkÞ
i , bS4

ðkÞ
i ¼dvuz

ðkÞ
i � Wi

dvubðkÞi ,

bTðkÞ1 ¼ ½
Pn

i¼1
bu2

ðkÞ
i X>i Xi�

� 1 and bTðkÞ2 ¼
Pn

i¼1
bS2

ðkÞ
i J>ni

Xi. At EM iteration (k + 1), the updates of β,

δε, δ and D are given by:

bβðkþ1Þ ¼ bTðkÞ1

Xn

i¼1

X>i ð bS1

ðkÞ
i �

bdε
ðkþ1Þ bS2

ðkÞ
i Jni
Þ ð47Þ

bdε
ðkþ1Þ ¼ bTðkÞ2

bTðkÞ1 ð
Xn

i¼1

X>i bS1

ðkÞ
i Þ �

Xn

i¼1

J>ni
ð bS4

ðkÞ
i � c ~U 1

bS1

ðkÞ
i Þ

" #

� bTðkÞ2
bTðkÞ1
bTðkÞ2 �

Xn

i¼1

ni
bS3

ðkÞ
i

" #� 1
ð48Þ

bδ ðkþ1Þ ¼
Xn

i¼1

bS3

ðkÞ
i

" #� 1
Xn

i¼1

ðdvubðkÞi � c ~U 1
du2b

ðkÞ
i Þ ð49Þ

bDðkþ1Þ ¼ n� 1
Xn

i¼1

du2b2

ðkÞ
i

 !

�
Xn

i¼1

bS3

ðkÞ
i

 !

bδðkþ1Þðbδðkþ1ÞÞ
>

" #

: ð50Þ

At convergence of the EM algorithm, we obtain the estimate ~θðνÞ of θ. The corresponding

estimate of the variance-covariance matrix of random effects is bSb ¼
~U 2
bD þ ð ~U 2 � c2 ~U 2

1
Þbδbδ>.

More generally, when ν is not actually known, the M-step of the EM algorithm can be extended

to include a profiled marginal log-likelihood maximization step. Indeed, at EM iteration k, we

notice that the estimate ~θðkÞðnÞ of θ depends on ν only through ~U 1 and the profiled marginal log-

likelihood Lν(�) for ν can be obtained by simply substituting ~θðkÞðnÞ for θ in Eq (36). We can thus

find bnðkþ1Þ using a one dimensional optimization routine (e.g. optimize in R) to maximize Lν(�).

Then, the update of the parameter θ becomes bθðkþ1Þ ¼ ~θðkÞðbnðkþ1ÞÞ. The use of the profiled mar-

ginal log-likelihood instead of a profiled version of Qð�jbθðkÞÞ can provide substantial gain of
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efficiency [50] and mostly helps bypass the calculation of dlog u2

ðkÞ
i which does not have any

known closed form.

It is worthwhile noticing however that the inclusion of a profiled marginal log-likelihood

maximization step would prevent the convergence of the whole estimation procedure if the

marginal log-likelihood in Eq (36) as a function of ν is unbounded for a particular dataset.

This issue especially when ν is close to zero. Another challenge associated to the estimation of

ν is time. The use of this strategy requires a very fast routine to compute cumulative probabili-

ties of the skew t distributions. As an alternative route to estimate ν, we point out the model

selection approach of [51] (page 893). It consists in setting a grid of feasible values of ν and

obtaining a sequence of estimates ~θðnÞ of θ. Then, the couple ν and ~θðnÞmaximizing the mar-

ginal log-like-lihood in Eq (36) is taken as the estimates of ν and θ.

Accelerating EM via parameter-expansion. Besides its attractiveness and stability for

handling incomplete data models, the EM algorithm sometimes experiences slow convergence,

which has motivated many methods to accelerate its linear convergence speed. Among popular

EM accelerators, the so-called parameter-expanded (PX) EM algorithm was proposed by [27]

to speed up convergence. Let us consider a complete data model F(ycom|θ). The PX-EM algo-

rithm expands F(ycom|θ) to a larger model FX(ycom|Θ) parameterized byY ¼ ðθ>
?
; a>Þ

>
where

θ? plays in FX(ycom|Θ) the role of θ in F(ycom|θ) and α is a working parameter. The use of the

PX-EM algorithm requires that (1) α admits a value α0 that preserves the original complete

data model and (ii) the observed-data model is preserved by a many-to-one reduction function

R: Θ 7! θ = R(Θ) which allows an unambigious recovering of θ from Θ. We refer to [27] for

more details. For the SGTLM, let us consider the following expanded complete data model

obtained by including a working q × q scale matrix α into the linear predictor as ηi = Xi β? +

Wi α bi:

Yij ¼ Ið0;1ÞðZijÞ

Zijbi;Ui ¼ ui;Vi ¼ vi �
ind N ni

ðηi þ ½viu
� 1=2

i � c ~U 1�δε?Jni
; u� 1

i Ini
Þ

bijUi ¼ ui;Vi ¼ vi �
ind N qð½viu

� 1=2

i � c ~U 1�δ?; u� 1
i D?Þ

Ui �
ind Gammaðn?=2; n?=2Þ

Vi �
ind HN ð0; 1Þ

This expanded model equals the STGLM in Eq (27) when α takes the value α0 = Iq, and has

expanded parameter Y ¼ ðβ>
?
; dε?; δ

>

?
; vechðD?Þ

>
; vecðαÞ>Þ> where vec is the usual operator

which stacks the columns of its matrix argument. Under this model, the marginal distribu-

tion of Yi remains as given in Eq (32) with Ω i ¼ Ini
þWiaD?a

>W>

i and Δi ¼ δεJni
þWiαδ

so that Θ reduces as θ ¼ ðb>
?
; dε?; δ

>

?
α>; vechðαD?α

>Þ
>
Þ
>

. As the observed-data model is

preserved whatever the value of α, we fix α = Iq at each E-step of the EM procedure. There-

fore, the E-step of the PX-EM algorithm uses Proposition 4 to obtain conditional expectations

required in Eq (39) as for the classical EM algorithm. At the M-step, the estimates of δ? and

D? are still given by Eqs (49)–(50) respectively whereas the estimates of δε?, β? and vec(α)

are:

bβðkþ1Þ
?

vecðbαðkþ1ÞÞ

0

@

1

A ¼ C
ðkÞ
ðU
ðkÞ
� bdðkþ1Þ

ε? ξðkÞÞ ð51Þ
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bdðkþ1Þ
ε? ¼ ½ξðkÞ>CðkÞUðkÞ �

Xn

i¼1

J>ni
ðdvuzðkÞi � c ~U 1

cu2z
ðkÞ
i Þ�

�½ξðkÞ>CðkÞξðkÞ �
Xn

i¼1

ni
bS3

ðkÞ
i �
� 1

ð52Þ

where ξðkÞ ¼

Pn
i¼1
bS2

ðkÞ
i X>i Jni

Pn
i¼1
ðW>

i Jni
Þ � ðdvubðkÞi � c ~U 1

du2b
ðkÞ
i Þ

0

@

1

A, U
ðkÞ
¼

Pn
i¼1

X>i cu2z
ðkÞ
i

vecð
Pn

i¼1
W>

i
du2bz

>ðkÞ
i Þ

 !

,

and C
ðkÞ
¼

Pn
i¼1

X>i Xi bu2

ðkÞ
i

Pn
i¼1

X>i ðdu2b
ðkÞ
i �W>

i Þ
>

Pn
i¼1
ðdu2b

ðkÞ
i �W>

i ÞXi

Pn
i¼1
du2b2

ðkÞ
i � ðW>

i WiÞ

 !� 1

with� the direct product

operator. Using the reduction function, the original model parameter estimates can be recov-

ered as bβðkþ1Þ ¼ bβðkþ1Þ
?

, bdðkþ1Þ
ε ¼ bdðkþ1Þ

ε? , bδðkþ1Þ ¼ baðkþ1Þbδðkþ1Þ
?

and bDðkþ1Þ ¼ baðkþ1Þ bDðkþ1Þ
?

bαðkþ1Þ>. In

the neighbourhood of the ML estimate of θ, the working scale estimate bα becomes close to

α0 = Iq [27] so that the advantage of the PX-EM algorithm over the classical EM algorithm

disappears. We thus propose to stop the PX acceleration once |λmax| < � with λmax the domi-

nant eigen value of baðkþ1Þ � Iq and � a pre-specified tolerance value (e.g. � = 10−2).

Summary of the estimation procedure. The estimation procedure starts with a parameter

byð0Þ, k = 0 and iterates the following six steps until convergence.

1. E-step: compute conditional expectations defined by Eqs (40)–(46) with bθðkÞ.

2. PX M-step: obtain bθðkþ1Þ and bαðkþ1Þ using Eqs (49)–(52) and the reduction function:

bβðkþ1Þ ¼ bβðkþ1Þ
?

, bdðkþ1Þ
ε ¼ bdðkþ1Þ

ε? , bδ ðkþ1Þ ¼ bαðkþ1Þbδðkþ1Þ
?

and bDðkþ1Þ ¼ bαðkþ1Þ bDðkþ1Þ
?

bαðkþ1Þ>.

3. Test: compute λmax the dominant eigen value of bαðkþ1Þ � Iq. If |λmax|< 10−2 then compute

the marginal likelihood ‘ðbθðkþ1ÞjyÞ using Eq (36) and go to 4) with k = k + 1, otherwise

return to 1) with k = k + 1.

4. E-step: compute conditional expectations defined by Eqs (40)–(46) with bθðkÞ.

5. M-step: obtain bθðkþ1Þ using Eqs (47)–(50).

6. Test: compute the marginal likelihood ‘ðbθðkþ1ÞjyÞ using Eqs (36). If j‘ðbθðkþ1ÞjyÞ �
‘ðbθðkÞjyÞj=j‘ðbθðkÞjyÞj < 10� 6 then go to 7), otherwise return to 4) with k = k + 1.

7. Rescaling: compute υ0 using (29) and rescale the estimates as bβ  u0
bβðkÞ, bδ  u0

bδðkÞ and

bD  u2
0

bDðkÞ. Return bθ ¼ ðbb>; bδ�; bδ
>; vechðbDÞ>Þ>.

Approximate standard errors. With a view to allow asymptotic inference in SGTLM, we

follow the empirical information-based method of [52] (pages 132-133) to compute the

asymptotic variance-covariance matrix of the ML estimate bθ of θ under some general regular-

ity conditions. The observed information matrix is defined to be IoðbθjyÞ ¼
Pn

i¼1
bg ibg>i where

bg i ¼ gið
bθÞ, giðθÞ ¼

@QiðθjbθÞ
@θ , QiðθjbθÞ being the contribution of the single observation yi to the

expected complete data log-likelihood in Eq (39). On setting
dvub i ¼

dvubi � c ~U 1
du2b i, the
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elements
@QiðθjbθÞ

@b
;
@QiðθjbθÞ
@δε

;
@QiðθjbθÞ

@δ ; vech @QiðθjbθÞ
@D

� �

of the score gi can be explicitly evaluated using:

@QiðθjbθÞ
@b

¼ � ½ bu2 iX
>

i Xiβ � X>i ð bS1 i � δε bS2 iJni
Þ�; ð53Þ

@QiðθjbθÞ
@δε

¼ � ½bS2 iJ
>

ni
Xiβþ δεni

bS3 i � J>ni
ð bS4 i � c ~U 1

bS1 iÞ�; ð54Þ

@QiðθjbθÞ
@δ

¼ � D � 1½bS3 iδ �
dvubi
�; ð55Þ

@QiðθjbθÞ
@D

¼ �
1

2
D � 1 þ

1

2
D � 1 du2b2 i � δdvub>i �

dvubiδ
>
þ bS3 iδδ

>
h i

D � 1: ð56Þ

Afterwards, the standard errors of estimated model parameters are approximated by square

roots of diagonal elements of ½IoðbθjyÞ�
� 1

and confidence intervals can be built assuming

asymptotic normality.

Empirical Bayes estimators of random effects and weights. In this section, we provide

the empirical Bayes estimators of cluster specific random effects and weights that are useful for

evaluating individual intercepts and slopes as well as detecting outlying individuals. From Eq

(27), the distribution of bi conditional on Zi = zi, Ui = ui and Vi = vi is multivariate normal

with mean riðzi � XiβÞ þ ðviu
� 1=2

i � c ~U 1Þsi and covariance matrix u� 1
i Li where

ri ¼ DW>

i Ω
� 1
i , si = δ − ri Δi, Δi ¼ u0δεJni

þWiδ, Ωi ¼ u
2
0
Ini
þWiDW>

i , and

Li ¼ ðIq � riWiÞD. The conditional mean of bi given Yi = yi is thus:

b iðθÞ ¼ EfbijYi ¼ yi; θg ¼ EfEfbijZi ¼ zi;Ui ¼ ui;Vi ¼ vi; θgjYi ¼ yi; θg

¼ riðzi � XiβÞ þ ðvu� 1 i � c ~U 1Þsi

ð57Þ

where vu� 1 i ¼ Miðua i þ t� 1 iÞ, ua i ¼ MiΔ
>

i Ω
� 1
i ðuzi � uiμiÞ, μi ¼ Xiβ � c ~U 1Δi and the quanti-

ties ui ¼ EfU1=2

i jyi; θg, uzi ¼ EfU1=2

i Zijyi; θg, t� 1 i ¼ EfU � 1=2

i z1ðU
1=2

i λ>Z0iÞjyig and zi ¼

EfZijyi; θg are to be evaluated using Corollary 1 applied to ZijYi ¼ yi � TST ni
ðμi;Ωi; λi; n;AiÞ

with Ωi ¼ Ω i þ ΔiΔ
>

i , λi ¼ ð1þ Δ>i Ω
� 1
i ΔiÞ

1=2Ω� 1=2

i Δi,Ai ¼ Ai1 � . . .� Aini
, Aij ¼ ð� 1; 0� if

yij = 0 and Aij ¼ ð0;1Þ if yij = 1. The empirical Bayes estimators of bi can then be obtained as

bb i ¼ bið
bθÞ.

For outlying individuals detection, individual weights Ui are predicted by u2 i ¼ EfUijyi; θg
[53] which is given by Eq (16) in Corollary 1 applied to Zi|Yi = yi. The empirical Bayes estima-

tors of Ui are thus given by bu2 i ¼ EfUijyi;
bθg. Relatively low weights (< 1) are indicative of

outlying individuals.

Applications

This section presents a simulation study for assessing performance of SGTLM, and an applica-

tion of the modeling approach to a real dataset.

Simulation study

We conducted a simulation to evaluate the proposed approach to the analysis of correlated

binary data. The simulation experiment targeted four specific objectives. First, it assessed for
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different sample sizes, the abilities of the probit (PM), the skew-probit (SPM), the generalized

t-link (GTLM) and the skew generalized t-link (SGTLM) models to recover population param-

eters when the common normality assumption for the link function is either violated or not.

The widely used logistic model was not investigated as the logistic distribution can be consid-

ered as a special case of the Student t distribution [8] hence the logistic model is a special case

of GTLM. Second, the experiment evaluated the extent to which asymptotic 95% confidence

intervals (CI95%) can detect the presence of spurious skewness. Third, the experiment evalu-

ated the ability of empirical Bayes estimators of random effects to predict true random effects.

Finally, the simulation study assessed the ability of Akaike’s information criterion (AIC),

Schwarz’s Bayesian information criterion (BIC) and Hannan-Quinn criterion (HQ) to select

the correct model fit. All computations were performed in R.

Simulation design. Mimicking the structure of the simulation model studied in [24]

(page 1116), we considered the following GLMM:

Yij ¼ Ið0;1ÞðZijÞ

Zijbi;Ui ¼ ui;Vi ¼ vi �
ind N ni

ðηi þ ½viu
� 1=2

i � c ~U 1�u0dεJni
; u2

0
u� 1

i Ini
Þ

bijUi ¼ ui;Vi ¼ vi �
ind N 2ð½viu

� 1=2

i � c ~U 1�δ; u� 1
i DÞ

Ui �
ind FUðnÞ and Vi�

indHN ð0; 1Þ

where ηi = (ηi1, � � �, ηi6)>, ηij = β0 + β1 X1i + b0i + b1i W1ij, bi = (b0i, b1i)
>; X1 is a dichotomous

covariate (Bernoulli distribution with sucess probability 0.5) and W1 is a continuous occasion-

varying random covariate (standard normal distribution); β0 is an intercept, i.e. the general

mean of the linear predictor ηij and β1 is the fixed-effects associated to the covariate X1 with

values arbitrarily fixed to β0 = 1 and β1 = −1; b0i is a random intercept associated to the cluster

i, b1i is the random slope associated to W1i; D is a 2 × 2 scale matrix with diagonal elements 0.5

and 1, and off diagonal element 0.25; FUðνÞ is a positive distribution with finite first two nega-

tive moments, i.e. ~Ut ¼ EfU � t
i g <1 for t = 1, 2; and u0 ¼ ½

~U 2 þ ð
~U 2 � c2 ~U 2

1
Þδ2

ε�
� 1=2

. We

considered δ = (0, δ1)>, i.e. a null random intercept skewness to ensure the identifiability of

the model.

Under this general class of SSMN latent models, we considered two data models. The first is

the probit data model where U = 1, δ1 = 0 and δε = 0 (probit link, υ0 = 1). The second is the

skew generalized t-link data model with δε = −2 and δ1 = 2 and U � Gammaðn=2; n=2Þ with ν
= 5 (υ0 = 0.4598). We considered for each data model, sample sizes (n) of 100, 500 and 1000

and thus generated three sets of covariates which were used for all simulations involving each

of the two data models. Under each of the six resulting simulation settings, we generated 250

datasets to which we fitted the four fitting models under evaluation (PM, SPM, GTLM,

SGTLM), considering the model degrees of freedom as known and equals to ν = 5 for the

SGTLM. Fixed effects (β0 and β1) and skewness parameters (δ� and δ1) were initialized to zero

whereas the scale matrix D was initialized to the 2×2 identity matrix.

Performance measures. In addition to estimates of fixed effects (bbk, k = 0, 1) and skewness

(bδ l for SPM and SGTLM, l = �, 1) and related empirical standard errors and CI95%, we recorded

random effects variances (s2
1

of b0i and s2
2

of b1i) and covariance (σ12) and their approximate

standard errors derived using the delta method [54] as implemented in the R package car [55],

empirical Bayes estimates of individual random effetcs (bb i), and the AIC, BIC and HQ criteria

defined as: AIC ¼ � 2b‘ þ 2Np, BIC ¼ � 2b‘ þ Np logN, and HQ ¼ � 2b‘ þ 2Np log ð logNÞ
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whereb‘ is the maximized log-likelihood value, N is the total number of observations and Np is

the number of estimated model parameters. These data were used to compute various perfor-

mance measures (Table 1) including the relative bias (%Bias) and the root mean square error

(RMSE) in bbk and bs l; the standard deviations (SD) of bbk; the quadratic mean (SE) of standard

errors of bbk; the coverage probabilities (CP) of bbk and bδ l, i.e. the proportion of times the CI95%

for βk or δl included the true value; the arithmetic mean (R2ðbl;
bblÞ) of the square of Pearson’s

correlation (coefficient of determination) between simulated and Bayes estimates of subject

random effects; and the arithmetic means of information criteria AIC (AIC), BIC (BIC) and

HQ (HQ) across the 250 simulated datasets per simulation setting.

Simulation results. Simulation results presented in Tables 2 and 3 show that under the

probit data generation mechanism, the probit, the skew-probit, the generalized t (GT)-link

and the skew generalized t (SGT)-link models recovered the population parameter values.

Indeed, the percentage of bias was below 5% at all levels for fixed effects, whereas for variance

components, the percentage of bias was below 20%. We particularly noticed a high relative

bias in the variance component (%Bias = 17.33) under probit fit to probit data (assuming the

true model) with small sample size (n = 100). This may be explained by the maximum likeli-

hood estimation method which is known for providing biased variance components [56]. Nev-

ertheless, this can be improved by opting for residual maximum likelihood estimation

procedure [56]. However, it is worth noticing that the estimation improves as the sample size

increases and the empirical standard error estimates agree with the standard deviations from

the simulations. The results for n = 100 and n = 500 are consistent with findings in [24] where

empirical information based standard errors approached Monte Carlo standard errors. More-

over, the 95% confidence interval for the skewness parameters allows to detect spurious

Table 1. Measures of the performance of binomial fitting models.

Measure Formula Role

%Biasðbs lÞ 100� ðbsbl
� slÞ=jslj Unbiasedness of bs l

RMSEðbs lÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P250

r¼1
ðbs
ðrÞ
l � slÞ

2
=250

q
Accuracy of bs l

%BiasðbbkÞ 100� ðbbk � bkÞ=jbkj Unbiasedness of bbk

RMSEðbbkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P250

r¼1
ðbb
ðrÞ
k � bkÞ

2
=250

q
Accuracy of bbk

SDðbbkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P250

r¼1
ðbb
ðrÞ
k �

bbkÞÞ
2

q

=249 Precision of bbk

SEðbbkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P250

r¼1
seðbbðrÞk Þ

2
=250

q
Reliability of estimated SE

CPðbbkÞ
P250

r¼1
ICIðk;rÞ ðbkÞ=250 Coverage probability of bbk

CPðbδ lÞ
P250

r¼1
ICIðk;rÞ ðδlÞ=250 Coverage probability of bδ l

R2 ðbl;
bblÞ

P250

r¼1
R2ðbbðrÞl ; b

ðrÞ
l Þ=250 Predictive power

AIC
P250

r¼1
AICðrÞ=250 Model selection

BIC
P250

r¼1
BICðrÞ=250 Model selection

HQ
P250

r¼1
HQðrÞ=250 Model selection

Notes: SE = standard error, bbk ¼

P250

r¼1
bb ðrÞk

250
; bðrÞi ¼ ðb

ðrÞ
i0 ; b

ðrÞ
i1 Þ
>

is the rth simulated vector of random effects for the

subject i and bbðrÞi is the empirical Bayes estimates for bðrÞi ; R2ðbbðrÞl ; b
ðrÞ
l Þ is the square of Pearson’s coefficient of

correlation between bbðrÞl and bðrÞl ; seðbbðrÞk Þ is the empirical information-based standard error for bb
ðrÞ
k and CI(k, r) is the

95% confidence interval for βk from the rth generated dataset. The same applies for δl and σl.

https://doi.org/10.1371/journal.pone.0249604.t001
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skewness in the skew-probit and the SGT-link models with coverage probabilities of 100%.

This result can be explained by the underlined high accuracy of information based standard

errors in this type of model. The power in predicting random effects varied from R2 = 0.45 to

R2 = 0.47 for random intercepts and from R2 = 0.23 to R2 = 0.28 for random slopes, but was

comparable for the three fitting models. Finally, it appears that on average all model selection

criteria correctly considered probit fitting model as the parsimonious model.

Under a SGT-link data generation mechanism, the probit model performed poorly, show-

ing large relative fixed effects bias values which decreased from 46% for samples of size n = 100

to 18% for samples of size n = 1000 (Table 4). The SGT-link model estimates were the less

biased (%Bias< 12) as well as the most accurate with the lowest root mean square errors

across all levels (Table 5). The same observations apply to variance components which were

highly biased downward for probit, skew-probit and GT-link models (%Bias up to 90) relative

to the SGT-link model (%Bias< 7). Regarding estimates of skewness parameters, the coverage

Table 2. Results based on 250 replications of probit samples: Probit and skew-probit fits.

Parameters Measures n = 100 n = 500 n = 1000

Probit Skew probit Probit Skew probit Probit Skew probit

β0(−1) Mean -1.04 (0.25) -1.03 (0.30) -1.01 (0.12) -1.04 (0.31) -1.00 (0.08) -1.00 (0.11)

%Bias -3.61 -3.01 -0.64 -4.03 -0.32 -0.23

SE 0.25 [0.23] 0.27 [0.26] 0.11 [0.12] 0.29 [0.24] 0.08 [0.08] 0.09 [0.11]

CP 0.96 0.97 0.95 0.95 0.97 0.97

β1(1) Mean 1.03 (0.24) 1.02 (0.41) 1.01 (0.10) 1.00 (0.41) 1.00 (0.07) 1.00 (0.42)

%Bias 3.21 1.96 0.59 0.46 0.13 0.16

SE 0.23 [0.22] 0.43 [0.43] 0.1 [0.10] 0.48 [0.47] 0.07 [0.07] 0.08 [0.07]

CP 0.95 0.96 0.97 0.97 0.97 0.97

s2
1
ð0:5Þ Mean 0.54 (0.24) 0.51 (0.29) 0.51 (0.09) 0.53 (0.29) 0.50 (0.06) 0.51 (0.07)

%Bias 7.98 2.24 1.39 2.35 0.12 1.06

σ12(0.25) Mean 0.30 (0.34) 0.23 (0.48) 0.25 (0.13) 0.22 (0.48) 0.25 (0.09) 0.24 (0.49)

%Bias 18.48 -6.52 1.84 -12.02 1.55 -2.02

s2
2
ð1Þ Mean 1.17 (0.91) 1.10 (0.95) 1.02 (0.34) 1.11 (0.94) 1.02 (0.22) 1.00 (0.47)

%Bias 17.33 9.94 2.42 10.98 1.96 0.99

δε(0) Mean - 0.02 (0.65) - 0.02 (0.46) - 0.00 (0.46)

SE - 0.61 [0.62] - 0.71 [0.51] - 0.61 [0.46]

CP - 1.00 - 1.00 - 1.00

δ1(0) Mean - -0.02 (0.37) - -0.02 (0.38) - -0.00 (0.25)

SE - 2.00 [1.84] - 2.00 [1.72] - 2.00 [0.22]

CP - 1.00 - 1.00 - 1.00

R2 ðb0;
bb0Þ

Mean 0.45 0.46 0.46 0.46 0.46 0.46

R2 ðb1;
bb1Þ

Mean 0.23 0.24 0.26 0.26 0.27 0.28

AIC Mean 548.29 552.14 3732.11 3733.80 7522.50 7524.04

BIC Mean 570.27 582.92 3762.14 3775.85 7556.00 7570.94

HQ Mean 556.85 564.12 3742.91 3748.92 7534.13 7540.33

Mean value and root mean square error (in parentheses), percentage of bias (%Bias), mean standard error (SE) and sample standard deviation (in square brackets),

coverage probability (CP) of estimates, coefficient of determination (R2) and averages of AIC, BIC and HQ criteria for sample sizes (n) of 100, 500 and 1000.

Notes: In the first column (Parameters), model parameters are followed in parentheses by their respective true values;—means “not applicable”; the coverage probability

(CP) is the probability that an approximate confidence interval (assuming asymptotic normality for the model parameter) contains the true parameter value.

https://doi.org/10.1371/journal.pone.0249604.t002
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probability was low (53% to 94%) for small sample size (n = 100) and approached nominal

(95%) value for larger sample sizes (n = 500, 1000). The skew-probit model estimates (coverage

probability down to 53%) were less reliable than estimates from the SGT-link model (coverage

probability above 90%).

Clearly, the SGT-link model adjusted better with non normal data and accordingly, random

effects prediction is better with SGT-link model (R2� 0.49) than with the probit or the skew-

probit model. Moreover, all the considered model selection criteria namely AIC, BIC and HQ

on average correctly selected the SGT-link model as the preferred model.

Application to the respiratory infection data

To demonstrate the usefulness of the proposed approach to correlated binary data modeling,

we revisited the respiratory illness data (available in geepack package [57] in R) which was used

by [24] to illustrate their t-link GLMM. The respiratory illness data was obtained from a

Table 3. Results based on 250 replications of probit samples: Generalized t (GT)-link and skew generalized t (SGT)-link fits.

Parameters Measures n = 100 n = 500 n = 1000

GT-link SGT-link GT-link SGT-link GT-link SGT-link

β0(−1) Mean -1.05 (0.26) -1.05 (0.24) -1.01 (0.11) -1.03 (0.11) -.1.00 (0.10) -1.00 (0.08)

%Bias -4.95 -4.61 -1.06 -2.94 -0.17 -0.17

SE 0.25 [0.24] 0.27 [0.25] 0.15 [0.12] 0.11 [0.12] 0.08 [0.08] 0.06 [0.05]

CP 0.98 0.97 0.97 0.98 0.97 0.97

β1(1) Mean 1.03 (0.32) 1.03 (0.23) 1.01 (0.14) 1.03 (0.10) 1.00 (0.12) 1.00 (0.07)

%Bias 3.16 3.28 1.62 2.90 0.08 0.13

SE 0.23 [0.20] 0.25 [0.22] 0.13 [0.13] 0.1 [0.10] 0.07 [0.07] 0.07 [0.07]

CP 0.97 0.96 0.98 0.97 0.98 0.98

s2
1
ð0:5Þ Mean 0.47 (0.12) 0.47 (0.10) 0.49 (0.11) 0.50 (0.09) 0.50 (0.05) 0.50 (0.03)

%Bias -5.36 -5.57 -1.76 0.01 0.17 0.12

σ12(0.25) Mean 0.26 (0.53) 0.24 (0.40) 0.24 (0.22) 0.23 (0.02) 0.25 (0.19) 0.25 (0.02)

%Bias 4.00 -4.82 -3.96 -6.26 -1.68 1.55

s2
2
ð1Þ Mean 1.09 (.62) 0.99 (0.49) 1.00 (0.18) 0.99 (0.12) 0.99 (0.11) 0.99 (0.12)

%Bias 8.98 -1.12 -0.78 -1.13 -0.87 -0.91

δε(0) Mean - 0.00 (0.56) - 0.01 (0.54) - 0.00 (0.41)

SE - 0.44 [0.56] - 0.46 [0.56] - 0.48 [0.44]

CP - 1.00 - 1.00 - 1.00

δ1(0) Mean - 0.00 (0.18) - 0.00 [0.14] - 0.00 [0.14]

SE - 1.22 [0.18] - 0.99 [0.16] - 0.62 [0.17]

CP - 1.00 - 1.00 - 1.00

R2 ðb0;
bb0Þ

Mean 0.45 0.46 0.47 0.46 0.47 0.47

R2 ðb1;
bb1Þ

Mean 0.26 0.27 0.27 0.27 0.27 0.28

AIC Mean 552.09 554.37 3733.10 3736.21 7523.12 7525.21

BIC Mean 581.43 589.55 3762.43 3784.26 7568.95 7573.26

HQ Mean 561.97 568.06 3744.11 3764.90 7538.91 7542.49

Mean value and root mean square error (in parentheses), percentage of bias (%Bias), mean standard error (SE) and sample standard deviation (in square brackets),

coverage probability (CP) of estimates, coefficient of determination (R2) and averages of AIC, BIC and HQ criteria for sample sizes (n) of 100, 500 and 1000.

Notes: In the first column (Parameters), model parameters are followed in parentheses by their respective true values;—means “not applicable”; the coverage probability

(CP) is the probability that an approximate confidence interval (assuming asymptotic normality for the model parameter) contains the true parameter value.

https://doi.org/10.1371/journal.pone.0249604.t003
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clinical study of the effect of a treatment on 111 patients with respiratory illness, recruited

from two different clinical centers. The patients were examined and their respiratory state (cat-

egorized as 1 = good, 0 = poor) determined (baseline). They were then randomized to receive

either placebo or an active treatment. The goal of the study was to determine whether the treat-

ment induced a better respiratory state in treated patients. The outcome is the respiratory state

measured at four visits for each patient as good (y = 1) or poor (y = 0). In addition to the treat-

ment (treat = 0 for placebo group (P) and treat = 1 for treated group (A)), the following fixed

covariates were included: the clinical center (center = 0 for the first center and center = 1 for

the second center), the baseline (respiratory state at the first visit), gender (sex = 0 for female

(F) and sex = 1 for male (M)) and the interaction of treatment and gender. Following [24], we

assumed that the age effect is patient-specific (random slope) and thus considered the patient

Table 4. Results based on 250 replications of skew generalized t-link samples (probit and skew-probit fits).

Parameters Measures n = 100 n = 500 n = 1000

Probit Skew probit Probit Skew probit Probit Skew probit

β0(−1) Mean -1.46 (1.53) -1.33 (1.30) -1.28 (1.29) -1.28 (1.31) -1.18 (1.27) -1.22 (0.92)

%Bias -46.18 -33.41 -28.30 -28.13 -18.27 -22.08

SE 0.95 [0.99] 0.89 [0.86] 0.96 [1.02] 0.89 [0.94] 0.97 [0.99] 0.92 [0.89]

CP 0.93 0.95 0.95 0.96 0.96 0.96

β1(1) Mean 0.95 (0.46) 0.97 (0.47) 0.95 (0.41) 0.98 (0.42) 0.95 (0.31) 0.98 (0.37)

%Bias -5.11 -3.31 -5.18 -2.11 -5.21 -2.11

SE 0.51 [0.48] 0.44 [0.48] 0.26 [0.39] 0.41 [0.43] 0.31 [0.29] 0.40 [0.41]

CP 0.95 0.96 0.97 0.97 0.97 0.97

s2
1
ð0:83Þ Mean 0.34 (0.94) 0.61 (0.39) 0.41 (0.91) 0.67 (0.38) 0.56 (0.76) 0.73 (0.34)

%Bias -59.04 -26.51 -50.60 -19.28 -32.53 -12.05

σ12(0.42) Mean 0.80 (0.64) 0.53 (0.58) 0.81 (0.53) 0.42 (0.38) 0.75 (0.50) 0.40 (0.39)

%Bias 90.48 26.19 92.86 0.09 78.57 -4.76

s2
2
ð4:73Þ Mean 2.07 (1.19) 2.85 (1.08) 2.22 (1.44) 2.97 (1.99) 2.20 (1.32) 2.88 (1.70)

%Bias -56.24 -39.75 -53.07 -37.21 -53.49 -39.11

δε(−2) Mean - -0.48 (1.75) - -0.91 (1.25) - -0.90 (1.04)

%Bias - 76.01 - 54.50 - 54.99

SE - 0.60 [0.72] - 1.23 [1.22] - 1.03 [1.04]

CP - 0.87 - 0.91 - 0.95

δ1(2) Mean - 1.03 (0.97) - 1.13 (0.97) - 1.16 (0.92)

%Bias - -48.51 - -43.49 - -42.00

SE - 1.01 [1.00] - 1.04 [1.01] - 0.99 [0.96]

CP - 0.53 - 0.61 - 0.66

R2 ðb0;
bb0Þ

Mean 0.35 0.38 0.38 0.42 0.38 0.46

R2 ðb1;
bb1Þ

Mean 0.14 0.26 0.16 0.31 0.26 0.33

AIC Mean 578.22 576.34 3824.31 3814.72 7662.07 7713.55

BIC Mean 600.20 607.12 3854.34 3856.77 7695.56 7681.25

HQ Mean 586.78 588.32 3835.11 3829.84 7673.70 7678.562

Mean value and root mean square error (in parentheses), percentage of bias (%Bias), mean standard error (SE) and sample standard deviation (in square brackets),

coverage probability (CP) of estimates, coefficient of determination (R2) and averages of AIC, BIC and HQ criteria for sample sizes (n) of 100, 500 and 1000.

Notes: In the first column (Parameters), model parameters are followed by their respective true values in parentheses;—means “not applicable”; the coverage probability

(CP) is the probability that an approximate confidence interval (assuming asymptotic normality for the model parameter) contains the true parameter value.

https://doi.org/10.1371/journal.pone.0249604.t004
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age centered around its median (31 years) as a random covariate. Since the fixed covariates

included binary variables (treat, gender, center and baseline), a conditional skew-probit model

is not identifiable given random effects and we thus set δ� = 0 to ensure identifiability.

For the purpose of comparison, we fitted the probit, skew-probit, GT-link and SGT-link

models. We initialized fixed effects β and the random slope skewness parameter δ to zero

whereas the random slope scale was initialized to one. For the GT-link and the SGT-link mod-

els, we considered the model selection approach of [51] with degrees of freedom ν = 2.5, 2.6,

. . ., 15.

As depicted in Fig 1, the profiled marginal log-likelihood for the GT-link model is

unbounded, with smaller ν corresponding to better fit in accordance with the t-link model fits

in [24] (ν� 4). We thus set ν = 2.5 for the t-link model. For the SGT-link fit, Fig 1 indicates

Table 5. Results based on 250 replications of skew generalized t-link samples (generalized t-link and skew generalized t-link fits).

Parameters Measures n = 100 n = 500 n = 1000

GT-link SGT-link GT-link SGT-link GT-link SGT-link

β0(−1) Mean -1.40 (1.54) -1.17 (1.31) -1.25 (1.22) -1.11 (1.09) -1.11 -1.02 (0.09)

%Bias -39.17 -17.33 -24.56 -11.4 11.41 -2.09

SE 0.96 [0.89] 0.64 [0.55] 0.83 [0.92] 0.60 [0.51] 0.89 [0.86] 0.40[0.37]

CP 0.93 0.96 0.95 0.98 0.96 0.98

β1(1) Mean 0.98 (0.37) 1.01 (0.33) 0.99 (0.36) 1.01 (0.16) 0.98 (0.22) 1.00 (0.09)

%Bias -2.19 1.10 -1.14 1.23 -1.98 0.37

SE 0.32 [0.29] 0.28 [0.32] 0.23 [0.28] 0.11 [0.16] 0.28 [0.21] 0.09 [0.10]

CP 0.95 0.96 0.97 0.97 0.97 0.98

s2
1
ð0:83Þ Mean 0.37 (0.55) 0.86 (0.16) 0.40 (0.56) 0.84 (0.09) 0.53 (0.63) 0.84 (0.07)

%Bias -55.45 3.61 -51.80 1.20 -36.14 1.20

σ12(0.42) Mean 0.68 (0.61) 0.36 (0.31) 0.71 (0.56) 0.38 (0.23) 0.66 (0.56) 0.38 (0.09)

%Bias 61.91 -14.29 69.05 -9.52 57.14 -9.52

s2
2
ð4:73Þ Mean 2.29 (1.23) 4.56 (1.51) 2.33 (1.17) 4.55 (1.29) 2.34 (1.11) 4.58 (1.31)

%Bias 51.59 -3.59 -50.74 -3.81 -50.53 -3.17

δε(−2) Mean - -2.18 (1.06) - -2.12 (1.04) - -2.06 (0.99)

%Bias - -9.00 - -6.02 - -3.04

SE - 1.44 [1.04] - 1.04 [1.05] - 0.88 [0.98]

CP - 0.94 - 0.96 - 0.97

δ1(2) Mean - 1.64 (1.18) - 1.69 [1.16] - 1.84 [1.04]

%Bias - -18.13 - -15.50 - -8.10

SE - 1.13 [1.18] - 1.16 [1.17] - 1.02 [1.03]

CP - .90 - 0.94 - 0.96

R2 ðb0;
bb0Þ

Mean 0.34 0.53 0.38 0.56 0.40 0.58

R2 ðb1;
bb1Þ

Mean 0.22 0.49 0.26 0.52 0.26 0.52

AIC Mean 578.04 524.06 3820.10 3804.12 7657.13 7652.56

BIC Mean 601.18 597.24 3853.79 3852.17 7689.12 7671.17

HQ Mean 588.01 575.75 3834.30 3821.40 7667.66 7542.49

Mean value and root mean square error (in parentheses), percentage of bias (%Bias), mean standard error (SE) and sample standard deviation (in square brackets),

coverage probability (CP) of estimates, coefficient of determination (R2) and averages of AIC, BIC and HQ criteria for sample sizes (n) of 100, 500 and 1000.

Notes: In the first column (Parameters), model parameters are followed by their respective true values in parentheses;—means “not applicable”; the coverage probability

(CP) is the probability that an approximate confidence interval (assuming asymptotic normality for the model parameter) contains the true parameter value.

https://doi.org/10.1371/journal.pone.0249604.t005
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that the log-likelihood is bounded with a maximum at ν = 3.7, suggesting heavy tail link func-

tion and random slope distributions. The difference in the behaviours of the GT-link and

SGT-link models may be explained by the implication of ν in the location of the skew t-link

model through ~U 1 (see Eq (32)).

The maximum likelihood (ML) estimates under the probit, skew-probit, GT-link and SGT-

link models (Table 6) are somewhat close for the four fitted models which all show that respi-

ratory illness is associated to clinical center, baseline state and treatment, with the treatment

effect varying with gender. The SGT-link fit additionally indicates that, irrespective of the

treatment, the respiratory state is poorer for male patients (Table 6, bb3 < 0) than females. We

notice for this dataset, that the intercept coefficient estimate increases with model complexity

and estimates of fixed effects and their respective standard errors are shrunk toward zero for

the skew-probit model relative to the probit one, and for the skew-probit model relative to the

Fig 1. Fitting the generalized t-link and the skew generalized t models to the respiratory infection data: Plot of the

marginal log-likelihood profiled for the degrees of freedom ν.

https://doi.org/10.1371/journal.pone.0249604.g001

Table 6. Maximum likelihood fits of probit, skew-probit, Generalized T (GT)-link and Skew Generalized T (SGT) -link models to the respiratory infection data.

Parameter (variable) Probit Skew probit GT-link (ν = 2.5) SGT-link (ν = 3.7)

estimate se z value estimate se z value estimate se z value estimate se z value

β0 (Intercept) 0.3429 0.4994 0.6866 0.4527 0.5012 0.9031 0.3570 0.5491 0.6502 0.5383 0.4659 1.1555

β1 (center = 2) 0.6292 0.2639 2.3846 0.6890 0.2611 2.6391 0.6767 0.2101 2.9410 0.5993 0.2395 2.5026

β2 (baseline) 1.6689 0.2900 5.7544 1.6312 0.2837 5.7499 1.8100 0.4118 4.3952 1.5152 0.2584 5.8627

β3 (sex = M) -0.8228 0.5218 -1.5768 -1.0170 0.5293 -1.9216 -0.8833 0.5274 -1.6748 -1.0129 0.4944 -2.0489

β4 (treat = P) -2.1198 0.6018 -3.5224 -2.0980 0.5958 -3.5215 -2.2634 0.7910 -2.8615 -2.0398 0.5366 -3.8010

β5 (M×P) 1.3840 0.6461 2.1419 1.4055 0.6403 2.1950 1.3251 0.6300 2.1033 1.3425 0.5867 2.2884

δ (age) - - - 0.0411 0.0216 1.9011 - - - 0.0262 0.0139 1.8906

σ 2 (age) 0.0117 0.0050 - 0.0113 0.0049 - 0.0143 0.0061 - 0.0118 0.0059 -

AIC 455.6305 - - 453.7766 - - 453.2140 - - 451.4658 - -

BIC 484.3013 - - 486.5432 - - 485.9399 - - 484.2324 - -

HQ 466.9370 - - 466.6983 - - 465.7514 - - 464.3875 - -

Notes: M = male patient; P = placebo; M×P is a shortcut for sex = M×treat = P; σ2 and δ are the variance and the skewness parameter respectively for the patient-specific

slope of median centered age (year); se = standard error; z value = estimate/se (a z value�1.96 roughly indicates 5% significance assuming asymptotic normality of z

values);—means “not applicable”

https://doi.org/10.1371/journal.pone.0249604.t006
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SGT-link one. The skew-probit model fit also gave a higher skewness (bδ ¼ 0:0411) as com-

pared with the SGT-link model fit (bδ ¼ 0:0262). Although the estimated skewness is relatively

low for both skew-probit and SGT-link models, the use of a skewed and heavy tail link clearly

improved, not only the precision of estimates but also the adequacy between data and model.

Indeed, the asymptotic 95% confidence interval for δ under the SGT-link includes zero (CI95%

= [−0.0010, 0.0534]), but we noticed from the simulation results that asymptotic CI95% for

skewness parameters becomes reliable only in large samples (n� 500), whereas information

criteria are reliable for all tested sample sizes. Thus, based on the AIC, BIC and HQ criteria in

Table 6, the SGT-link fit is the best for the respiratory illness data. The estimate of the variance

of the random slope of age is bs2 ¼ 0:0118 for the SGT-link fit, with close values under probit

and skew-probit models. From the SGT-link fit, it appears that the treatment induced an over-

all better respiratory state for treated patients (with a negative coefficient β4 = −2.0398 for the

placebo group). Moreover, the treatment has on average a better effect on female patients than

on male patients (with a positive coefficient, β5 = 1.3425 for male patients in the placebo

group). However, as noted by [24], new studies are required to check this latter trend because

of the highly unbalanced proportion of males (79%) and females (21%) in the data.

Conclusion

This work has considered the skew generalized t class of distributions for both link and ran-

dom effects distributions in mixed models for binary data. The objective was to improve the

exploitation of binary data bearing oddities such as skewness and tails thicker/thinner than the

normal distribution. To allow inference in such models, we developped a maximum likelihood

estimation procedure based on the EM algorithm. We combined results from [34] and [37] to

obtained expressions for computing moments of truncated multivariate skew t distributions.

The computation used existing R functions for the multivariate skew t cumulative distribution

function. Our simulation experiment showed that, irrespective of sample size, the SGT-link

model outperforms the probit GLMM when the underlying data generation mechanism is not

normal. We also demonstrated that the skew generalized-link model performed better than

the skew-probit and the generalized t-link GLMMs, when the underlying data is both skewed

and heavy tailed.

An important finding is that when the model degrees of freedom ν is small and very large

values are assumed (fitting probit and skew-probit models), the estimates of fixed effects are

biased, whereas when ν is large but small values are assumed, the estimates of fixed effects are

not biased. Moreover, asymptotic inference using information based standard errors proved

highest ability accuracy in detecting spurious skewness in large samples (n� 500) and infor-

mation criteria on average selected the correct model fit for all tested sample sizes (n = 100,

500, 1000). These findings extend results in [24] on t-link GLMM to SGT-link GLMM, assert-

ing that information criteria are reliable for selecting the best model for a particular dataset.

However, the simulation experiments revealed that the EM algorithm has a high compu-

tational cost. For instance, in a model with q = 2 random effects, n = 100 clusters and ni = 6

observations per cluster, the mean running time for the SGT-link model fit was 4.76 minutes

which is almost 135 times the time required by the probit model fit (2.12 seconds). Our

implementation relies on the pmst function of the R package sn [35] to compute the cumula-

tive probabilities of skew t distributions. This function uses the one dimensional routine inte-
gral of R on the multivariate normal cumulative distribution function. The use of the EM

algorithm for large q values (e.g. q = 10, 15) requires the prior development of a faster routine

for the computation of cumulative probabilities of skew t distributions. This will make the

EM algorithm scalable for large q + ni. On multicore plateformes, parallel computing can
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also substantially speed computations up. The expressions provided for computing moments

of truncated multivariate skew t distributions is limited to work for models with ν> 2. The

use of formulae given in [38] will extend our EM algorithm to very small degrees of freedom

(1 < ν� 2).

Binary data related to very rare events often require special treatment and are generally ana-

lysed using zero inflated models [58]. The development of a skew generalized t-link model

with zero inflation can significantly improve the exploitation of such data. In addition to

binary data, GLMMs handle other data types like count, proportional and ordinal outcomes.

From the good performance demonstrated in this work and in previous related ones [9, 24],

we believe that the simultaneous introduction of flexible links and random effects distributions

in GLMM would benefit knowledge extraction from observed data in applied research fields

where advances rely on modeling capacity.
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